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ABSTRACT 
Soil and rock slope stability assessment is one of the most important parts of geotechnical 
engineering, as can be gleaned from the current literature and related applications. Numerical 
simulation is a widely adopted approach in dealing with slope stability problems, particularly 
for a large scale complex projects. However, for practicing engineers, performing numerical 
simulations is not always feasible due to time and cost constraints. Therefore, stability chart 
solutions are considered as convenient tools that can easily determine slope stability.  
The aim of the present research is to apply finite element upper and lower bound limit analysis 
to soil and rock slope assessments. The investigations include two - layered soil slope stability 
assessment, disturbed rock slope analysis, rock slope stability analysis considering seismic 
effects, and soil slope stability analysis using an artificial neural network. The differences in 
the stability numbers of the upper and lower bound solutions in rock slope stability are 
bracketed within ± 10.5% or better, whereas soil slope stability solutions are bracketed within 
± 2.2% or better. The obtained stability numbers are presented in soil or rock slope stability 
charts, which can be used in conducting convenient slope safety assessments. Moreover, for 
comparison purposes, the limit equilibrium method is applied. Results show that the factors of 
safety obtained from finite element limit analysis are better than those obtained from the limit 
equilibrium method. 
In order to predict the factors of safety of soil slopes, this thesis develops an artificial neural 
network because of its advantages, namely, increased efficiency and reduced developing effort. 
In addition, given that rock mass disturbance and damage zone have significant influence on 
evaluating rock slope stability, this research also focuses on the influence of rock mass disturbance 
and damage zone on inhomogeneous rock slope stability assessments. Finally, the influence of 
earthquakes is also considered. 
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CHAPTER 1 INTRODUCTION 
1.1 INTRODUCTION 
Based on the current literature and some related applications, several geotechnical engineering 
assessment techniques have been proposed and used, including trench stability (Morgenstern 
and Amir-Tahmasseb 1965; Fox 2004; Li et al. 2013), tunnel stability (Lee et al. 2006; 
Chambon and Corte 1994; Barton et al. 1974) and slope stability (Bishop 2008; Griffiths and 
Lane 1999; Dawson et al. 1999; Li et al. 2009). The stability problem of natural slopes is 
commonly encountered in civil engineering projects. Meanwhile, slope design includes 
investigations on reliability, economics, failure mechanism, and possible remedial measures. 
Although slope stability analysis has drawn the attention of many investigators (Duncan 1996; 
Chang 2002; Baker et al. 2006; Michalowski and Tabetha Martel 2011), the slope stability 
problem still presents a significant challenge to safety design. 
In the current research, the main outcomes are presented through stability charts. Chart 
solutions can be convenient tools used to determine slope stability during preliminary designs 
(Li et al. 2009; Qian et al. 2014; Lim et al. 2015). The literature review reveals that soil and 
rock have different properties (Fu and Liao 2010; Qian et al. 2017; Hoek et al. 2002). Therefore, 
in slope stability analysis, the present research adopted different theories based on different 
conditions. All slope stability analyses were performed using a two - dimensional (2D) plane 
strain analysis, and the investigation of slope stability featured various soil and/or rock 
materials. As outcomes, a series of special slope stability charts were made, including soil slope 
stability charts based on two different layers of purely cohesive soils, inhomogeneous cohesive 
stability charts based on two different layers, rock slope stability charts based on 
inhomogeneous rock mass, and rock slope stability charts based on seismic effects.  
1.2 RESEARCH MOTIVATIONS AND OBJECTIVES 
1.2.1 Stability charts for civil engineering design 
In 1937, Taylor proposed the first set of stability charts for purely cohesive uniform soil slopes 
(Taylor 1937). Since then, the use of slope stability charts as design tools have become 
widespread among researchers and practitioners (Li et al. 2009; Michalowski 2002; Baker et 
al. 2006). Most existing stability charts are designed exclusively for soil slopes and are based 
on the conventional Mohr – Coulomb equivalent parameters (Qian et al. 2014; Taylor 1937; 
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2 
 
Baker 2003; Steward et al. 2010). One of the objectives of the current study is to investigate 
soil slope stability charts based on two layered purely cohesive soils and soil slope stability 
charts for fill materials. To the bets of our knowledge, no previous case studies or literature 
regarding these research topics are available.  
In addition, slope stability charts rarely use rock parameters or are based on a nonlinear failure 
criterion. Therefore, another aim of this research is to investigate the inhomogenous rock slope 
stability charts and the rock slope stability charts based on seismic effects. The rock slope 
stability charts in this research are efficient and easy to read. Based on this type of charts, 
engineers can make an immediate analysis and understand basic information quickly. However, 
finding a comprehensive stability chart for inhomogeneous rock slopes is difficult.  
The results from this research are presented as chart solutions based on the form of stability 
numbers. The definition of factor of safety (F) in the stability number is generally different 
from that of other methods, such as limit equilibrium method (LEM) (Li et al. 2012). This study 
fills the existing gap in the soil and rock slope stability literature.  
1.2.2 Rock slope stability analysis based on Hoek - Brown failure criterion 
Rock slope stability is typically regarded by geotechnical engineers as a difficult problem. For 
rock slope stability analysis, most software are based on linear criteria and still require Mohr - 
Coulomb strength parameters (Han and Leshchinsky 2004; Zanbak 1983; Taheri and Tani 
2010). Past estimates of rock slope stability based on soil parameters are inaccurate, because 
they fail to consider the non - linear nature of rock mass failure envelope (Fu and Liao 2010; 
Li et al. 2011). Therefore, in this research, rock mass strength is estimate based on nonlinear 
Hoek - Brown failure criterion. The results are more accurate and reliable than those obtained 
using the Mohr-Coulomb strength parameters. 
1.2.3 Application of blasting damage zone 
Disturbance factor (Hoek et al. 2002) is a significant concern regarding slope safety or stability 
(Li et al. 2011). In this context, knowing how the disturbance factor influences a rock slope is 
important. Based on the research of Hoek in 2012, a consistent disturbance factor (D) could 
seriously underestimate the strength and stability of the entire rock mass. Thus, D should only 
be confined in the damaged zone. The blasting damage zone thickness (T) can be very shallow 
or very deep, so different ranges are considered in this research. As one of the research 
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objectives of this study, D that linearly decreases with depth is taken into consideration when 
creating rock slope design charts.  
1.2.4 Seismic rock slope stability 
Seismic activity is a common and difficult problem in engineering. It can trigger landslides 
and/or slope collapses, such as the Wenchuan Earthquake in 2008 (Huang et al. 2009) and the 
Niigata Earthquake in 2004 (Wang et al. 2007). Thus far, recent investigations (Li et al. 2011; 
Li et al. 2012; Li et al. 2009) have shown that complete systematic inhomogeneous rock slope 
charts on seismic effects remain lacking. Thus, this part of the study presents seismic charts for 
assessing seismic rock slope stability by considering different seismic coefficients. The 
objective of seismic rock slope design is to provide straightforward and accurate basis through 
which to estimate the F under seismic conditions. 
1.2.5 Slope stability analysis by artificial neural network 
Over the last few years, artificial neural networks (ANN) have been applied to solve 
geotechnical problems in many areas (Lee et al. 2004; Shahin et al. 2001; Ermini et al. 2005; 
Gomez and Kavzoglu 2005; Li et al. 2016; Lee and Lee 1996; Goh 1994; Li et al. 2014). For 
this part of the investigation, the ANN is adopted to estimate two - layered undrained soil 
slopes. Once the data are trained in ANN, they can be used to predict the slope failure of the 
two-layered undrained clay slopes. Such data can also be used to predict stability numbers, F, 
and the potential failure mechanism of the slopes. Therefore, conducting a thorough study on 
how to make straightforward and accurate slope safety assessments is important. 
1.3 THESIS OUTLINE 
As an overview, the whole research presented in this thesis can be divided into four principal 
sections, two for soil slope stability analysis and another two for rock slope stability analysis. 
The Chapters 1 and 2 present the introduction of this thesis and the previous literature review, 
respectively. 
Chapters 3 – 6, highlight the main body of the thesis and present papers for the studies of this 
research. After these chapters, relevant materials are all presented in the appendix. 
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The chapters are as follows: 
 Chapter 3: Slope stability charts for two-layered purely cohesive soils based on finite 
element limit analysis methods 
 Chapter 4: Artificial neural network for inhomogeneous soil slope stability using finite 
element limit analysis methods 
 Chapter 5: Parametric studies of disturbed rock slope stability based on finite element 
upper bound and lower bound limit analysis methods 
 Chapter 6: Seismic disturbed rock slope stability assessments based on finite element 
lower bound limit analysis method 
Chapter 7 discusses a brief summary and discussion of directions of future research.  
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CHAPTER 2 LITERATURE REVIEW 
2.1 INTRODUCTION 
The slope stability analysis plays an important role in geotechnical engineering (Schmid et al. 
2016; Lim et al. 2014). A successful slope stability assessment requires accurate geological 
information and appropriate analysis theory. In general, LEM is the most popular approach 
used to evaluate slope stability problems (Cassidy et al. 2008; Duncan et al. 2008). However, 
the best solutions cannot be guaranteed by using the LEM because the failure surface must be 
assumed (Li et al. 2012). The finite element upper bound (UB) and lower bound (LB) limit 
analysis (LA) have been recently developed  for slope stability assessment (Lyamin and Sloan 
2002a; Lyamin and Sloan 2002b; Krabbenhoft et al. 2005). For LA, the failure mechanisms 
can be automatically generated (Lyamin and Sloan 2002a; Krabbenhoft et al. 2005).  
For slope stability design, numerical simulations must still be performed. For practicing 
engineers, the sophisticated numerical modelling may not always be warranted or feasible due 
to time and cost constraints. Therefore, chart solutions can be used as convenient tools to 
provide an easy way to determine the F of a slope. The investigations in this research include 
two main areas: soil slope stability analysis and rock slope stability assessment.  
The results obtained in soil slopes are based on the Mohr - Coulomb failure criterion. This 
failure criterion can be written as a linear equation. Moreover, the results are obtained based 
on the Hoek - Brown failure criterion for rock slopes analysis. 
In different geological conditions, engineers must consider varying strengths, disadvantages, 
and limitations inherent in each methodology and, choose the best analysis technique for the 
design. This research considers different methods based on different situations, and the method 
chosen is based on either the Hoek-Brown failure criterion or the Mohr - Coulomb failure 
criterion.  
2.2 LIMIT EQUILIBRIUM METHOD 
The LEM is the most popular approach used to evaluate slope stability problems (Cassidy et 
al. 2008; Duncan et al. 2008). It is a well - established method that is widely used by civil 
engineers (Cheng et al. 2007). The LEM can estimate slope F without considering the stress 
strain relationship. It is a statically method based on a physical theory, which is presented as a 
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translational collapse mechanism (Michalowski 1995). The F in LEM is defined in Equation 
(2.1) 
Factor of safety =
∑(resisting actions)
∑(driving actions)
                                                                                    (2.1) 
Currently, the LEM has been applied to the 2D (Bishop 1955; Morgenstern and Price 1965; 
Fredlund and Krahn 1977) and three - dimensional (3D) slope stability analyses (Chang 2002; 
Huang et al. 2002). Table 2.1 and Table 2.2 provide a summary of other works that relate to 
the LEM. 
Basically, the LEM is used to seek the F or the maximum external load. This method, assumes 
the inter column shear force (Petterson 1955; Bishop 1955). Based on the research of Fellenius 
in 1936, the slope should be divided into many slices and a continuous surface passes all slices. 
The F can be considered as the sum of resisting actions, which is divided by the sum of the 
driving actions (Steward et al. 2010; Zhu et al. 2003), as shown in Figure 2.1. The forces on 
the failure surface should be equal to the resistance or the shear strength (Chen and Chameau 
1983). 
In fact, the LEM needs to assume the inter column shear force. Moreover, the potential slip 
surface must be assumed before calculating the stability of slopes (Cheng et al. 2007). Many 
relevant studies have been performed to determine the failure surface, such as Greco (1996), 
Zhu (2001), Cheng et al. (2008) and Hajiazizi and Tavana (2013). Past research on 3D slope 
stability analysis based on Huang and Tsai (2000) and Huang et al. (2002) also show that prior 
assumptions of the sliding direction can be solved by considering the sliding direction of the 
sliding mass.  
However, according to the assumption mentioned above, the literature review results obtained 
by the LEM could affect the result accuracy (Lim et al. 2015; Yu et al. 1998). 
2.3 LIMIT ANALYSIS 
The limit analysis method has attracted research attention for several decades (Michalowski 
1995; Donald and Chen 1997; Farzaneh and Askari 2003; Michalowski and Nadukuru 2012). 
In addition, the slope stability analysis based on 3D limit analysis method has also gained the 
attention of researchers (Michalowski 1989; Chen et al. 2001a; Chen et al. 2001b; Michalowski 
2010; Michalowski and Martel 2011; Gao et al. 2012). Similar with LEM, the conventional 
limit analysis method also requires the assumption of the slip surface before calculation (Gao 
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et al. 2013). The limit analysis method is based on two different limit theorems, the upper 
bound and lower bound. The F obtained using lower bound analysis is generally smaller or 
equal to the actual value. In comparison, the F is larger than or equal to the actual value when 
upper bound analysis is applied (Leshchinsky and Ambauen 2015).  
However, using lower bound theorem limit analysis to compute the stress field in a slope is 
difficult. Therefore, only the upper bound analysis is widely used to solve the slope stability 
problem (Michalowski 1995, Donald and Chen 1997; Chen et al. 2004). An investigation based 
on Lim et al. (2016) shows that the use of only the upper bound method may cause conservative 
solutions. In addition, the critical failure mechanism may highly influence the accuracy of the 
slope analysis (Gao et al. 2013). The problem regarding failure mechanism has attracted many 
researchers, such as Chen et al. (2001), who divided the failure mass into prisms; and, Gao et 
al. (2013), who introduced a toe failure with rotational failure mechanism based on the research 
of Michalowski and Drescher . 
2.4 FINITE ELEMENT METHOD 
In 1943, Courant  introduced the finite element methods (Dhatt et al. 2012). The finite element 
analysis is a numerical technique (Bathe and Wilson 1976) that has been well accepted in 
geotechnical engineering (Hammah 2005; Zienkiewicz and Taylor 2000; Zienkiewicz and 
Taylor 2005). The finite element methods can be applicable on a series of complex conditions 
that are difficult to achieve using LEM alone, such as slope movements and soil displacement 
(Potts et al. 2009; Troncone 2005). The F obtained by the finite element method are based on 
the strength reduction method (Matsui and San 1992). The results obtained from the research 
of Hammouri et al. in 2008 and Ozbay and Cabalar in 2015, show that the F generally agreed 
with those of the LEM. Furthermore, this method is widely accepted by many researchers 
(Jianxun et al. 2004; Zhao et al. 2005; Dawson et al. 1999; Hammah et al. 2005; Shangyi et al. 
2003). A brief overview of the finite element method is shown in Table 2.3. 
2.5 FINITE ELEMENT LIMIT ANALYSIS METHODS 
For the past several years, the LA has been developed rapidly and has been proven to be robust 
and efficient in estimating the strength of slopes (Sloan 1988; Lyamin and Sloan 2002b; Sloan 
1989; Lyamin and Sloan 2002b; Krabbenhoft et al. 2005; Sloan 2013). The LA are based on 
two separated methods. Moreover, the LA can be used to analyses soil and rock mass analysis 
(Bottero et al. 1980;Li et al. 2008), and do not require prior assumptions of the failure 
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mechanisms (Sloan 2013), therefore, it can be applied to various geotechnical problems 
(Sutcliffe et al. 2004; Merifield et al. 2006; Soubra 1999; Shahin et al. 2001; Chai and Carter 
2009). Huang et al. (2013) introduced the volume of sliding mass analysis based on LA and 
estimated landslide based on sliding mass. Shiau et al. (2011) investigated the effects of 
external loading on undrained slopes. Table 2.4 and Table 2.5 provide a brief overview of the 
LA development. 
2.5.1 Finite element lower bound limit analysis methods 
The LB limit analysis is uses static theorem (Lyamin and Sloan 2002a; Krabbenhoft et al. 
2005). The LB is based on linear programming developed in 1970 based on Lysmer . However, 
the original method cannot solve complicated problems due to limited computational 
performance. In 1988, Sloan used an active set algorithm to avoid traditional simplex strategies. 
Thus, the LB based on an efficient linear programming has witnessed great improvement.  
In addition, Lyamin and Sloan (2002a) developed a new formulation for LB. The new LB 
theorem is based on linear finite elements with nonlinear programming. Based on the research 
of Lyamin and Sloan (2002a), the new approach provides accurate solutions that are 
significantly better than the linear programming approach. 
Three types of elements are used for LB, as shown in Figure 2.2, and can be expressed as 
Equations (2.2) to (2.4).  
𝜎𝑥 = ∑ 𝑁𝑖𝜎xi
i=3
i=1                                                                                                                     (2.2) 
σy = ∑ 𝑁𝑖𝜎𝑦𝑖
i=3
i=1                                                                                                                     (2.3) 
τxy = ∑ 𝑁𝑖𝜏𝑥𝑦𝑖
i=3
i=1                                                                                                                  (2.4) 
where  
Ni represents the linear shape functions and (𝜎𝑥𝑖, 𝜎𝑦𝑖, 𝜏𝑥𝑦𝑖) are the nodal stresses. Ni may be 
expressed in terms of the nodal coordinates (xi, yi) according to Equations (2.5) – (2.7) 
𝑁1 = [(𝑥2𝑦3 − 𝑥3𝑦2) + 𝑦23𝑥 + 𝑥32𝑦]/2A                                                                          (2.5) 
𝑁2 = [(𝑥3𝑦1 − 𝑥1𝑦3) + 𝑦31𝑥 + 𝑥13𝑦]/2A                                                                          (2.6) 
𝑁3 = [(𝑥1𝑦2 − 𝑥2𝑦1) + 𝑦12𝑥 + 𝑥21𝑦]/2A                                                                          (2.7) 
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where 
A represents the element area 
2A =  |𝑥13𝑦23 − 𝑥32𝑦31|                                                                                                      (2.8) 
𝑥32 =  𝑥3 − 𝑥2;  𝑦23 = 𝑦2 − 𝑦3                                                                                            (2.9) 
𝑥13 =  𝑥1 − 𝑥3;  𝑦31 =  𝑦3 − 𝑦1                                                                                          (2.10) 
𝑥21 =  𝑥2 − 𝑥1;  𝑦12 = 𝑦1 − 𝑦2                                                                                           (2.11) 
For LB collapse, the stresses must be in equilibrium. In addition, LB needs to satisfy the stress 
boundary conditions and the yield criterion, which separately require a set of constraints on the 
nodal stresses. Therefore, LB must consider all of these factors in the calculation. 
Equilibrium conditions 
The equilibrium conditions for plane strain must satisfy Equations (2.12) and (2.13), as 
shown in Figure 2.3, 
𝑘 =
𝜕𝜎𝑥
𝜕𝑥
+
𝜕𝜏𝑥𝑦
𝜕𝑦
                                                                                                                    (2.12) 
𝛾 =
𝜕𝜎𝑦
𝜕𝑦
+
𝜕𝜏𝑥𝑦
𝜕𝑥
                                                                                                                    (2.13) 
where  
k can be 0 or equal to a portion of γ. For example, in pseudo static method, k can be a portion 
of γ, which implies that the horizontal force is a portion of vertical force for k and γ. Then, 
considering Equations (2.2) – (2.4) into Equations (2.12) and (2.13) can obtain 
𝑎1 𝑥 = 𝑏                                                                                                                             (2.14) 
In Equation (2.14) 
𝑎1 = [
𝑦23 0
0 𝑥32
     
𝑥32 𝑦31
𝑦23 0
      
0 0
0  𝑥13
     
𝑥13 𝑦12
𝑦31 0
     
0 𝑥21
𝑦21 𝑥12
]                                    (2.15) 
𝑥𝑇 = {𝜎𝑥1, 𝜎𝑦1, 𝜏𝑥𝑦1 ⋯ 𝜎𝑥3, 𝜎𝑦3, 𝜏𝑥𝑦3}                                                                                (2.16) 
𝑏1
𝑇 = {𝑘𝛾}                                                                                                                           (2.17) 
For each rectangular extension element, these additional equalities are necessary to extend 
the linear stress distribution to the fourth node. The Equations are shown below. 
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𝜎𝑥4 = 𝜎𝑥1 + 𝜎𝑥3 − 𝜎𝑥2                                                                                                         (2.18) 
𝜎𝑦4 = 𝜎𝑦1 + 𝜎𝑦3 − 𝜎𝑦2                                                                                                         (2.19) 
𝜏𝑥𝑦4 = 𝜏𝑥𝑦1 + 𝜏𝑥𝑦3 − 𝜏𝑥𝑦2                                                                                                   (2.20) 
and 
𝑎2 𝑥 = 0                                                                                                                               (2.21) 
where 
𝑎2 = [𝐼 − 𝐼   𝐼 − 𝐼]                                                                                                               (2.22) 
𝐼 = [
1 0 0
0 1 0
0 0 1
]                                                                                                                      (2.23) 
𝑥𝑇 = {𝜎𝑥1, 𝜎𝑦1, 𝜏𝑥𝑦1 ⋯ 𝜎𝑥4, 𝜎𝑦4, 𝜏𝑥𝑦4}                                                                                  (2.24) 
The normal and shear stresses acting on a plane that is inclined at an angle to the x-axis in 
Figure 2.4 are expressed as Equations (2.25) and (2.26), respectively 
𝜎𝑛 = sin
2𝜃𝜎𝑥 + cos
2𝜃𝜎𝑦 − sin2𝜃𝜏𝑥𝑦                                                                                 (2.25) 
𝜏 =
1
2
 sin2𝜃(𝜎𝑦 − 𝜎𝑥) + cos2𝜃𝜏𝑥𝑦                                                                                    (2.26) 
Based on Figure 2.3 
𝜎𝑛1 = 𝜎𝑛2 and 𝜎𝑛3 = 𝜎𝑛4                                                                                                    (2.27) 
𝜏1 = 𝜏2 and 𝜏3  =  𝜏4                                                                                                           (2.28) 
Then put Equations (2.25) and (2.26) into Equations (2.27) and (2.28) 
𝑎3 𝑥 = 0                                                                                                                              (2.29) 
where 
𝑎3 = [
𝑇 − 𝑇 0     0
0    0 𝑇 − 𝑇
]                                                                                                          (2.30) 
𝑥𝑇 = {𝜎𝑥1, 𝜎𝑦1, 𝜏𝑥𝑦1 ⋯ 𝜎𝑥4, 𝜎𝑦4, 𝜏𝑥𝑦4}                                                                                  (2.31) 
𝑇 = [
sin2𝜃 cos2𝜃 −sin2𝜃
−
1
2
sin2𝜃
1
2
sin2𝜃 cos2𝜃
]                                                                                   (2.32) 
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Stress boundary conditions 
For stress boundary conditions, the normal and shear stresses are set as (𝑞1, 𝑡1) and (𝑞2, 𝑡2), as 
shown in Figure 2.5. Then the stresses can be expressed in Equations (2.33) and (2.34) 
𝜎𝑛1 = 𝑞1 and 𝜎𝑛2 = 𝑞2                                                                                                         (2.33) 
𝜏1 = 𝑡1 and 𝜏2 = 𝑡2                                                                                                               (2.34) 
Then substituting the stress Equations (2.25) and (2.26) into (2.33) and (2.34) 
𝑎4 𝑥 = 0                                                                                                                               (2.35) 
where 
𝑎4 = [
𝑇 0
0 𝑇
]                                                                                                                         (2.36) 
𝑥𝑇 = {𝜎𝑥1, 𝜎𝑦1, 𝜏𝑥𝑦1 ⋯ 𝜎𝑥2, 𝜎𝑦2, 𝜏𝑥𝑦2}                                                                                  (2.37) 
𝑏4
𝑇 = {𝑞1,  𝑡1,  𝑞2,  𝑡2}                                                                                                            (2.38) 
The additional constraints place due to involving a uniform applied surface traction 
𝜎𝑛1 = 𝜎𝑛2                                                                                                                              (2.39) 
𝜏1 = 𝜏2                                                                                                                                 (2.40) 
Then substituting Equations (2.25) and (2.26) into these Equations 
𝑎5 𝑥 = 0                                                                                                                              (2.41) 
where 
𝑎5 = [𝑇 − 𝑇]                                                                                                                       (2.42) 
𝑥𝑇 = {𝜎𝑥1, 𝜎𝑦1, 𝜏𝑥𝑦1 ⋯ 𝜎𝑥2, 𝜎𝑦2, 𝜏𝑥𝑦2}                                                                                 (2.43) 
Yield conditions 
For LB, the stresses at all N nodes in the element must satisfy Equation (2.44) 
𝑓 (𝜎𝑖𝑗
𝑙 ) ≤ 0,     𝑙 = 1, 2 ⋯ 𝑁                                                                                                (2.44) 
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2.5.2 Finite element upper bound limit analysis methods 
The UB is based on the kinematic theorem (Lyamin and Sloan 2002b). For the past decades, 
most slope stability studies are only based on the UB (Donald and Chen 1997; Chen et al. 2003; 
Donald and Chen 1997; Sloan and Kleeman 1995; Chen et al. 2003; Kim et al. 2002; Gao et 
al. 2013). The initial research based on UB are related to Anderheggen and Knöpfel (1972), 
Pastor and Turgeman (1976), and Bottero et al. (1980). However, similar to LB theorem, 
applying them to complex geometries problems is difficult (Sloan and Kleeman 1995). In 1989, 
Sloan introduced the active set algorithm (Sloan and Kleeman 1995). In 1994, Yu et al. 
developed a quadratic element based on UB, which can be used to assume incompressible 
velocity field without considering the grid arrangements. This process makes the UB much 
more efficient compared with other methods. In addition, due to the initial UB based on linear 
programming, many research based on non - linear programming have also been proposed 
(Jiang 1995; Lyamin and Sloan 2002b; Liu et al. 1995; Vicente da Silva and Antao 2007; Chen 
et al. 2003; Krabbenhoft et al. 2005). 
For the UB，the element is based on a three node triangle and considers three stress 
components (𝜎𝑥, 𝜎𝑦 , 𝜎𝑧). For each node, two velocity components are considered, as shown in 
Figure 2.6. The two velocities are assumed in Equations (2.45) and (2.46). 
𝑢 = ∑ 𝑛𝑖𝑢𝑖
i=3
i=1                                                                                                                       (2.45) 
𝑣 = ∑ 𝑛𝑖𝑣𝑖
i=3
i=1                                                                                                                        (2.46) 
where 
(ui, vi) are nodal velocities in the x-axis and y-axis respectively, ni represents the linear shape 
functions. 
For UB, the velocity field must satisfy associated flow rule. The associated flow rule based on 
Equations (2.47) – (2.49). 
𝜀?̇? =
𝜕𝑢
𝜕𝑥
= ?̇?
𝜕F
𝜕𝜎𝑥
                                                                                                                                     (2.47) 
𝜀?̇? =
𝜕𝑣
𝜕𝑦
= ?̇?
𝜕F
𝜕𝜎𝑦
                                                                                                                    (2.48) 
?̇?𝑥𝑦 = (
𝜕𝑣
𝜕𝑥
+
𝜕𝑢
𝜕𝑦
) = ?̇?
𝜕F
𝜕𝜏𝑥𝑦
                                                                                                      (2.49) 
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where 
?̇? is a plastic multiplier, when ?̇? ≥ 0, the tensile strains are taken as positive. 
Yield condition 
The stresses in the upper bound formulation must satisfy the yield condition, as shown in 
Equation (2.50)  
𝑓 (𝜎𝑗𝑖) ≤ 0                                                                                                                             (2.50) 
The stresses of element are assumed to be constant. Therefore, only one yield condition per 
finite element is considered. The stress in the finite element model must satisfy the following 
Equations. 
𝑓 (𝜎𝑖𝑗
𝑒 ) ≤ 0,     𝑒 = 1, 2 ⋯ 𝐸                                                                                                (2.51) 
𝑓 (𝜎) ≤ 0,    𝑗 ∈ 𝐽𝜎                                                                                                               (2.52) 
Plastic shearing in discontinuities 
𝑢 = 𝑁𝑘𝑢𝑘 + 𝑁1𝑢1 + 𝑁𝑚𝑢𝑚                                                                                                (2.53) 
𝑣 = 𝑁𝑘𝑣𝑘 + 𝑁1𝑣1 + 𝑁𝑚𝑣𝑚                                                                                                 (2.54) 
where 
𝑁𝑘 =
𝑎𝑘+𝑏𝑘𝑥+𝑐𝑘𝑦
2∆
                                                                                                                  (2.55) 
𝑁𝑙 =
𝑎𝑙+𝑏𝑙𝑥+𝑐𝑙𝑦
2∆
                                                                                                                      (2.56) 
𝑁𝑚 =
𝑎𝑚+𝑏𝑚𝑥+𝑐𝑚𝑦
2∆
                                                                                                                (2.57) 
𝑎𝑘 =  𝑥1𝑦𝑚 − 𝑥𝑚𝑦1,      𝑏𝑘 =  𝑦1 − 𝑦𝑚,       𝑐𝑘 =  𝑥𝑚 − 𝑥1                                                 (2.58) 
𝑎𝑙 =  𝑥𝑚𝑦𝑘 − 𝑥𝑘𝑦𝑚,      𝑏𝑙 =  𝑦𝑚 − 𝑦𝑘,        𝑐𝑙 =  𝑥𝑘 − 𝑥𝑚                                                (2.59) 
𝑎𝑚 =  𝑥𝑘𝑦𝑙 − 𝑥𝑙𝑦𝑘,        𝑏𝑚 =  𝑦𝑘 − 𝑦𝑙,        𝑐𝑚 =  𝑥𝑙 − 𝑥𝑘                                               (2.60) 
The Δ represents the triangle area and matrix B is given by Equation (2.61) 
𝐵 = [𝐵𝑘𝐵𝑙𝐵𝑚] =
1
2∆
[
𝑏𝑘 0 𝑏𝑙
0 𝑐𝑘 0
𝑐𝑘 𝑏𝑘 𝑐𝑙
     
0 𝑏𝑚 0
𝑐𝑙 0 𝑐𝑚
𝑏𝑙 𝑐𝑚 𝑏𝑚
] =
1
∆
[?̅?𝑘 ?̅?𝑙 ?̅?𝑚] =
?̅?
∆
                        (2.61) 
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The power dissipated in element regardless of its area can calculated as: 
𝑊 =  ∫
∆
𝜎𝜀̇𝑑∆= ∫
∆
𝜎𝐵𝑢𝑑∆= 𝜎?̅?𝑢                                                                                         (2.62) 
?̅?𝑘 → 0 𝑎𝑛𝑑 ?̅?𝑙 → −?̅?𝑚  ⟹  ?̃? =  [0 − ?̅?𝑙𝑚?̅?𝑙𝑚]  
Then 
𝜀̇ =  ?̃?𝑢 = ?̅?𝑙𝑚∆𝑢
𝑙𝑚                                                                                                               (2.63) 
Velocity boundary conditions 
Two different velocity boundary conditions are used, one is to define the loading caused by a 
stiff structure and the other to define the loading by a uniform normal pressure. 
For loading caused by a stiff structure, the nodal velocity components (𝑢𝑖, 𝑣𝑖) must satisfy the 
condition as shown below. 
[
cos𝜃 sin𝜃
− sin𝜃 cos𝜃
] {
𝑢𝑖
𝑣𝑖
} = {
?̅?
?̅?
}                                                                                                 (2.64) 
Then 
𝑎31 𝑥1 = 𝑏3                                                                                                                          (2.65) 
where 
𝑎31 = [
cos𝜃 sin𝜃
− sin𝜃 cos𝜃
]                                                                                                        (2.66) 
𝑏3
𝑇 = {?̅?, ?̅?}                                                                                                                           (2.67) 
𝑥1
𝑇 = {𝑢, 𝑣}                                                                                                                           (2.68) 
For loading by a uniform normal pressure, the Equations shown below. 
𝑄 = ∫
𝑠
𝑣𝑑𝑆 =
1
2
∑ [(𝑣1 + 𝑣2)cos𝜃12 − (𝑢1 + 𝑢2)sin𝜃12]𝑒𝑑𝑔𝑒𝑠 𝑙12                                      (2.69) 
Q represents the rate of material flow across the boundary S. 
Therefore 
𝑎41 𝑥1 = 𝑏4                                                                                                                          (2.70) 
𝑎41 =
1
2
 [−𝑙12sin𝜃12, 𝑙12cos𝜃12, −𝑙12sin𝜃12 𝑙12cos𝜃12, ⋯ ]                                               (2.71) 
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𝑏4 = 𝑄                                                                                                                                  (2.72) 
𝑥1
𝑇 = {𝑢1, 𝑣1, 𝑢2, 𝑣2, ⋯ }                                                                                                        (2.73) 
2.6 SOIL FAILURE CRITERION 
In the discipline of soil mechanics, soils are assumed to be essentially frictional materials, 
whose strengths depend on the effective stresses in the soil. Moreover, the soil strength will 
depend on the soil undrained / short - term condition or drained / long - term condition (Duncan 
et al. 2014). Therefore, in assessing the stability of soil constructions, analyses are usually 
performed to check the two different situations (Tang et al. 1976; Li and Lumb 1987; Jewell 
and Greenwood 1988; Powers et al. 2005).  
The Mohr - Coulomb failure criterion (Coulomb 1973) is a widely used strength criterion in 
geotechnical engineering applications (Bai and Wierzbicki 2010; Al-Ajmi and Zimmerman 
2006). The Mohr - Coulomb failure criterion is based on two parts, one is constant cohesion 
and another one is friction angle, and their relationship is shown in Equation (2.74). The 
cohesion is based on the intercept of the failure envelope with the τ axis and the friction angle 
based on the slope of the failure envelope (Coulomb 1973). The Mohr - Coulomb failure 
criterion is a linear equation used for soil analysis (Labuz and Zang 2012), as shown in Figure 
2.7, in which 1 and 3 are the major principal stress and minor principal stress, respectively. 
The Mohr–Coulomb failure criterion data are based on a strength test in triaxial compression 
(Bishop and Henkel 1962; Griffiths 1990). For the Mohr - Coulomb failure criterion, the Mohr 
circles must be based on several different tests. The failure only depends on the major principal 
stress and minor principal stress (Mohr 1900). Based on these two stresses, a series of Mohr 
circles can be plotted in Figure 2.7. Thus, the Mohr - Coulomb failure envelope is the line 
tangential to all the Mohr circles. 
= 𝜎𝑛 𝑡𝑎𝑛 ϕc                                                                                                                      (2.74) 
where 
 represents the shear strength, n represents the normal stress, c is cohesion and ϕ is friction 
angle 
2.7 THE GENERALISED HOEK - BROWN FAILURE CRITERION 
The Hoek - Brown failure criterion for rock slope analysis is a widely accepted method in the 
geotechnical engineering field (Han and Leshchinsky 2004). Moreover, the Hoek - Brown 
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failure criterion is a non - linear failure criterion proposed and developed to estimate the heavily 
jointed rock masses for slopes (Hoek and Brown 1997; Hammah et al. 2004). In 2002, Hoek et 
al. introduced the disturbance factor (D) and developed the new relationships between D and 
equations, as shown in Equations (2.75) to (2.78). 
𝜎1
′= 𝜎3 
′ + 𝜎𝑐𝑖( 𝑚𝑏
𝜎3 
′
𝜎𝑐𝑖
+ 𝑠)𝑎                                                                                                    (2.75) 
where 
𝜎1
′ represents the major effective principal stress at failure and 𝜎3 
′  is the minor effective 
principal stress at failure, 𝜎𝑐𝑖 is the uniaxial compressive strength of the intact rock material, 
mb is a reduced value of the material constant, s and a are all constants for the rock mass, the 
relationships given by Equations (2.76) – (2.78). 
𝑚𝑏 =  𝑚𝑖 exp( 
GSI − 100
28 − 14𝐷
 )                                                                                                           (2.76) 
𝑠 =  exp( 
GSI − 100
9 − 3𝐷
 )                                                                                                                   (2.77) 
𝑎 =  
1
2
+ 
1
6
 (𝑒−GSI/15 − 𝑒−20/3)                                                                                                     (2.78) 
where 
D represents the disturbance factor. 
2.8 THE GEOLOGICAL STRENGTH INDEX 
Rock mass classifications assess rock mass conditions for civil engineering and have drawn 
the attention of many investigators (Bieniawski 1979; Bieniawski 1988; Marinos and Hoek 
2000; Cai et al. 2004). Over the years, many rock mass classification systems, such as the 
geomechanic classification rock mass rating by Bieniawski in 1973 and, the Q - system by 
Barton et al. in 1974, have been developed based on tunnel design. However, Marinos et al. 
(2005) reported that, the rock mass rating is difficult to apply in determining weak rock masses. 
This problem causes a rock mass rating that cannot fit to the parameters based on the Hoek - 
Brown failure criterion, particularly for weak rock masses. Therefore, the geological strength 
index (GSI) was introduced by Hoek et al. (1992) and (1995). The GSI is a system used for 
estimating the reduction in rock mass strength (Hoek and Brown 1997; Hoek et al. 1998). The 
GSI system is now widely used for the estimation of the rock mass strength (Marinos et al. 
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2006), and it can be directly linked to engineering parameters, such as Mohr - Coulomb strength 
parameters, Hoek - Brown strength parameters, or rock mass modulus (Cai et al. 2004). The 
ranges of the GSI for typical rock masses are from 10 to 90 (Marinos and Hoek 2000). As a 
rock - mass characterization system, the estimated GSI based on heterogeneous rock masses is 
presented in Figure 2.8 (Marinos and Hoek 2001) and in Figure 2.9 for low quality rock masses 
(Marinos and Hoek 2000; Hoek et al. 1998; Marinos and Hoek 2001). Since the introduction 
of the GSI introduced, the Hoek - Brown failure criterion has been expanded and integrated 
with such an index (Hoek and Brown 1997).  
2.9 DISTURBANCE FACTOR 
Based on the latest Hoek - Brown failure criterion (Hoek et al. 2002), recent investigations (Li 
et al. 2011; Li et al. 2012) have shown that the D plays an important role in rock slope stability 
evaluation. The range of D is between 0 and 1 (0 for undisturbed rock and 1 for highly disturbed 
rock mass), which is based on the research of Hoek et al.  (2002). The chosen D is based on 
geotechnical experience, and the guidelines for estimating D are summarized in Figure 2.10 
(Hoek et al. 2002). The two most important things considered when applying the D, are 
choosing a suitable value and defining the extent of the damaged zone (Hoek 2012). For the 
thickness of the damaged zone (T) design, Hoek (2012) highlighted that a constant D applied 
to an entire rock mass could significantly underestimate the strength and stability of the overall 
rock mass. Therefore, D should only be applied to the actual damaged zone. Based on the 
research of Cheng and Liu (1993), the blast damaged zone can only surround the excavation 
perimeter to a depth of approximately 2 meters. However, for large open pit mine slopes, the 
blast damage also can be covering an area over 100 meters behind the slope excavated face can 
also be observed (Marinos et al. 2005). In 2000, Hoek and Karzulovic suggested the 
relationships between the T and slope height and used these relationships as a starting point to 
refer the extent of the blast damaged zone, as shown in Table 2.6. 
2.10 APPLICATION OF MOHR - COULOMB FAILURE CRITERION TO ROCK 
MASS 
Most rock geotechnical software are written based on the Mohr - Coulomb failure criterion (Li 
et al. 2008; Qian et al. 2017). For the rock slope stability analysis, the rock mass strength has 
to transfer to the cohesive strength (c′) and the angle of friction (ϕ′) (Hoek and Brown 1997), 
as shown in Equation (2.79). On the basis of the research carried out by Han and Leshchinsky 
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, the related determining equivalent c′ and ϕ′ for the Mohr - Coulomb failure criterion are 
shown in Equations (2.80) and (2.81). The value of 𝜎3𝑛
′  in Equations (2.80) and (2.81) is written 
in Equation (2.82). In addition, the value of 𝜎3𝑚𝑎𝑥
′  is based on two individual cases, one is for 
tunnels and another one is for slopes (Hoek et al. 2002; Sofianos 2003). For slope design, Hoek 
et al. suggested that 𝜎3𝑚𝑎𝑥
′  and 𝜎𝑐𝑚
′  can be estimated in Equations (2.83) and (2.84), 
respectively. 
= c′ +  𝜎𝑛 𝑡𝑎𝑛 ϕ′                                                                                                               (2.79) 
where 
 is shear strength, c′ is the cohesion, n the normal stress and ϕ′ is friction angle.  
c′ =
𝜎𝑐𝑖 [(1+2 𝑎)𝑠+(1−𝑎)𝑚𝑏 𝜎3𝑛
′ ](𝑠+ 𝑚𝑏 𝜎3𝑛
′ )𝑎−1
(1+𝑎)(2+𝑎)√
 1+(6 𝑎 𝑚𝑏 (𝑠+𝑚𝑏𝜎3𝑛
′ )𝑎−1
(1+𝑎 )(2+𝑎)
                                                                                               (2.80) 
ϕ′ = Sin−1 [
6 𝑎 𝑚𝑏(𝑠+ 𝑚𝑏𝜎3𝑛
′ )
𝑎−1
 2(1+ 𝑎)(2+𝑎)+6 𝑎 𝑚𝑏 (𝑠+ 𝑚𝑏𝜎3𝑛
′ )𝑎− 1
]                                                                                       (2.81) 
where 
𝜎3𝑛
′ = 𝜎3𝑚𝑎𝑥
′ / 𝜎𝑐𝑖                                                                                                                            (2.82) 
𝜎3𝑚𝑎𝑥
′
𝜎𝑐𝑚
′ = 0.72 [
𝜎𝑐𝑚
′
ϒH
]
−0.91
                                                                                                         (2.83) 
𝜎𝑐𝑚
′ = 𝜎𝑐𝑖
[𝑚𝑏+4𝑠− 𝛼(𝑚𝑏−8𝑠)](
𝑚𝑏
4
+𝑠)𝛼−1
2 (1+𝛼)(2+𝛼)
                                                                                     (2.84) 
where 
𝜎𝑐𝑖 is the uniaxial compressive strength of the intact rock material, 𝑚𝑏 is a reduced value of the 
material constant, s and a are constants for the rock mass, 𝜎𝑐𝑚
′  is the compressive strength of 
the rock mass, H is the slope height, and ϒ is the slope material unit weight. In addition, the 
stress range is 𝜎𝑡 < 𝜎3
′  < 𝜎𝑐𝑖/4 
2.11. SLOPE STABILITY NUMBER AND CHARTS 
The non - dimensional stability number is used to present the soil slope stability proposed 
earlier by Lim et al. (2015). Its definition is shown in Equation (2.85) below. Another 
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dimensionless stability number based on rock parameters is defined in Equation (2.86) (Li et 
al. 2008).  
Equations (2.85) and (2.86) are modified based on the stability number proposed by Taylor in 
1937. Soil and rock slope stability numbers are inversely proportional to the F. The stability 
chart solutions can be seen as convenient tools to provide an easier way to determine the F of 
a slope (Qian et al. 2014; Li et al. 2009). In relation to this, the slope stability charts have drawn 
the attention of many investigators (Taylor 1937; Hoek and Bray 1981; Li et al. 2011, Qian et 
al. 2014; Li et al. 2009; Michalowski 2010; Li et al. 2008; Qian et al. 2017; Li et al. 2010; Lim 
et al. 2015).  
𝑁2𝑐 = 𝑐𝑢1 γHF⁄                                                                                                                     (2.85) 
𝑁 = 𝜎𝑐𝑖 γHF⁄                                                                                                                                (2.86) 
In Equation (2.85) and Equation (2.86), γ is the unit of weight, H is the slope height, F is the 
factor of safety, 𝑐𝑢1 is undrained shear strength for the filled soil, and 𝜎𝑐𝑖 is the uniaxial 
compressive strength. 
The major contributions of soil slope stability analysis were presented by Michalowski and his 
co-worker, who following Taylor (1937), provided several sets of 2D and 3D stability charts 
for various soil profiles. The effects of pore pressure seismic loadings, slope reinforcement, 
and footing load on the slope stability were taken into account in their studies (Michalowski 
1989; Michalowski 2002; Michalowski and Tabetha Martel 2011; Nadukuru and Michalowski 
2013). Meanwhile, the literature review reveals that Kim et al. in 1999 and Loukidis et al. in 
2003 proposed inhomogeneous soil slopes stability charts and cohesive frictional soil slopes 
stability, respectively. 
In addition, for rock slope design, only few stability charts are based on rock mass yield criteria 
(Li et al. 2009). The first stability charts based on the Hoek - Brown failure criterion were 
developed by Li et al. in 2008. A year later, the rock stability charts that considered seismic 
force Were introduced by Li et al. (2009).  
2.12 PREVIOUS STUDIES BASED ON THE PSEUDO STATIC METHOD 
Seismic force has a significant effect on the stability of slopes (Ling et al. 1997). Therefore, 
slope investigations considering seismic force are necessary. In recent decades, the seismic 
behaviour has been the focus of many studies (Chang et al. 1984; Hongshuai et al. 2005; 
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Kramer and Smith 1997; Bray and Rathje 1998; Wilson and Keefer 1983; Chunling et al. 2004; 
Shou and Wang 2003). Similarly, seismic slope stability charts have also drawn the attention 
of many investigators (Li et al. 2009; Leshchinsky and San 1994; Baker et al. 2006) 
The pseudo - static slope stability method (Seed 1979) is one of the most commonly used 
methods in seismic slope design (Bray and Travasarou 2009). It has also been considered by 
many researchers (Leshchinsky and San 1994; Chen and SAWADA 1983; Sarma 1975; 
Choudhury and Nimbalkar 2005). In this method, the effect of an earthquake on a potential 
sliding mass can be simplified as horizontal and vertical seismic coefficients (Li et al. 2009; 
Bray and Travasarou 2009; Khazai and Sitar 2000), as shown in Figure 2.11. The horizontal 
and vertical accelerations acting on a slope are considered constant as shown below: 
𝑎ℎ = khW                                                                                                                            (2.87) 
𝑎𝑣 = kvW                                                                                                                             (2.88) 
where 
𝑎ℎ and 𝑎𝑣 are horizontal and vertical acceleration, kh and kv are horizontal and vertical seismic 
coefficients, W is the potential sliding mass weight. 
Li et al. reported that the horizontal seismic direction is the most recommended coefficient 
during the slope stability design. The horizontal seismic coefficient (Kh) was developed for 
embankments constructed with no significant strength loss during earthquake crest 
accelerations of less than 0.75 g (Seed 1979). The recommended horizontal seismic values 
range from 0 to 0.375 (DeWayne and Julie in 1997), as shown in Figure 2.12. The Kh is equal 
to 0.1 for earthquakes with a Richter magnitude of 6.5, whereas the Kh is equal to 0.15 for 
earthquakes with Richter magnitude of 8.5. Seed suggested that F ≥ 1.15 is required for 
engineering design.  
2.13 ARTIFICIAL NEURAL NETWORK 
ANN has recently been used to estimate various geotechnical problems. Several slope stability 
studies have utilized this method for slope stability prediction (Sakellariou and Ferentinou 
2005; Abdalla et al. 2012; Gordan et al. 2016; Wang et al. 2005), rock slope stability analyses 
(Li et al. 2016; Li et al. 2014), and slope stability analyses that consider seismic effects (Gordan 
et al. 2016). Other studies have used ANN for landslide susceptibility analyses (Lu and 
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Rosenbaum 2003; Lee et al. 2004). The ANN is a mathematical model, which consists of a 
network that simulates human brains (Agatonovic-Kustrin and Beresford 2000). It has the 
ability to learn from a set of data, therefore, suitable in solving the uncertainty problem (Liang 
and Zhang 2010; Melchiorre et al. 2008). In 2001, Shahin et al. proved that the results based on 
ANN analysis may be better than those calculated from theoretical formulations. Moreover, 
Sakellariou and Ferentinou (2005) showed that the F predicted by the ANN are reasonably 
accurate.  
The ANN can auto adjust its weights by training data (Basheer and Hajmeer 2000). Once the 
training is successfully accomplished, the ANN can predict the output from a set of inputs. 
Moreover, the results based on ANN can always be improved by new training (Shahin et al. 
2001). The ANN has three main parts: input layer, hidden layer, and output layer (Choobbasti 
et al. 2009; Li et al. 2016), as shown in Figure 2.13. In Figure 2.13, n inputs (x1, x2, x3 ⋯ xn) are 
assumed and m outputs (y1, y2, y3 ⋯ ym) can be obtained. φ (.) is the activation transfer function 
with M (1, 2 ⋯ l, M) linear nodes in the hidden layer, wij ( for i=1 ⋯ M and j=1 ⋯ n) are input 
weights, and ij ( for i=1 ⋯ m and j=1 ⋯ M) are output weights. Therefore, the input data 
vector 𝑥(𝑘) and the output data vector 𝑦(𝑘) can be expressed 
𝑥(𝑘) = [ 𝑥1(𝑘)  𝑥2(𝑘) ⋯  𝑥𝑛(𝑘)]
𝑇                                                                                       (2.89) 
𝑦(𝑘) = [ 𝑦1(𝑘)  𝑦2(𝑘) ⋯  𝑦𝑚(𝑘)]
𝑇                                                                                       (2.90) 
The output is a function of the weights sum of the inputs, which is summarized in Equations 
(2.91) and (2.92) 
𝑜𝑖 = 𝜑[∑ 𝑤𝑖𝑗𝑥𝑗(𝑘)
𝑛
(𝑗=1) ] =  𝜑 (𝑤𝑖
𝑇𝑥(𝑘)) for i = 1, 2, ⋯ M                                                   (2.91) 
𝑤𝑖 = [ 𝑤𝑖1(𝑘)  𝑊𝑖2(𝑘) ⋯  𝑤𝑖𝑛(𝑘)]
𝑇 for i = 1, 2, ⋯ M                                                           (2.92) 
For output of the neural network, 𝑦𝑖(𝑘) can be expressed as: 
𝑦𝑖(𝑘) = ∑ 𝛼𝑗𝑖𝑜𝑗
𝑀
(𝑗=1) = ∑ 𝛼𝑗𝑖𝜑 (𝑤𝑗
𝑇𝑥(𝑘)) = 𝝃𝑇(𝑘)𝛼𝑖
𝑀
(𝑗=1)  for i = 1, 2, ⋯ m                         (2.93) 
where 
𝛼𝑖 = [𝛼1𝑖 𝛼2𝑖, ⋯ 𝛼𝑀𝑖] for i = 1, 2, ⋯ m                                                                                  (2.94) 
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𝝃(𝑘) = [𝜑(𝑤1
𝑇𝑥(𝑘)) 𝜑(𝑤2
𝑇𝑥(𝑘)) ⋯ 𝜑(𝑤𝑀
𝑇 𝑥(𝑘))]
𝑇
                                                           (2.95) 
Based on Equations (2.93) to (2.95) 
𝑦(𝑘) = [𝑦1(𝑘)𝑦2(𝑘) ⋯ 𝑦𝑚(𝑘)]
𝑇 = [𝝃𝑇(𝑘)𝛼1𝝃
𝑇(𝑘)𝛼2 ⋯ 𝝃
𝑇(𝑘)𝛼𝑚]
𝑇 = [𝝃𝑇(𝑘)𝛼 ]𝑇          (2.96) 
where 
𝛼 = [𝛼1 𝛼2, ⋯ 𝛼𝑚]                                                                                                               (2.97) 
Beside, based on number of N training input vectors x(1), x (2) ⋯ x (N) and N of desired output 
data vectors yd(1), yd(2) ⋯ yd(N). 
𝐺𝑎 = [
𝜉𝑇(1)
⋮
𝜉𝑇(𝑁)
] 𝛼 = [
𝑦𝑇(1)
⋮
𝑦𝑇(𝑁)
]                                                                                                          (2.98) 
where    
𝐺 = [
𝜑(𝑤1
𝑇𝑥(1)) ⋯ 𝜑(𝑤𝑀
𝑇 𝑥(1))
⋮ ⋱ ⋮
𝜑(𝑤1
𝑇𝑥(𝑁)) ⋯ 𝜑(𝑤𝑀
𝑇 𝑥(𝑁))
]                                                                             (2.99) 
Where 
G is the hidden layer output matrix. The input weights and the biases of the hidden layer can 
be randomly assigned based on the extreme learning training machine training algorithm 
(Huang et al. 2006). After the training process, the output weight matrix can then be computed 
in a single iteration. 
𝛼 =  (𝐺𝑇𝐺) −1𝐺𝑇𝑌𝑑                                                                                                          (2.100) 
𝑌𝑑 = [
𝑦𝑑
𝑇𝑥(1)
⋮
𝑦𝑑
𝑇𝑥(𝑁)
]                                                                                                                 (2.101) 
2.14 MESH ARRANGEMENT 
Mesh refinement is improves numerical precision and efficiency due to the accuracy that is 
directly related to the finite element mesh (Tschuchnigg et al. 2015). The finite element limit 
analysis based on two different method. When the UB and LB techniques are employed, the 
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results can become increasingly reliable. However, the general mesh arrangement for a slope 
with uniform rock messes may not yield satisfactory results. For steep slopes, the different 
number of subdivisions can directly influence the results, as shown in Figure 2.14. Moreover, 
the results obtained based on LB are less sensitive than those obtained based on UB (Loukidis 
et al. 2003). The mesh may need to be redefined so that the true solutions can be bracketed 
within a small range between upper bound and lower bound (Tschuchnigg et al. 2015). 
However, conducting fine mesh analyses with a finer mesh can lead to a longer single case 
computation time. 
The study of Liu and Zhao (2012) shows that the results can be consistent if the fine mesh is 
sufficient, as shown in Figure 2.15. In this research, the slope stability analysis convergence 
refers to the maximum number of iterations, which is set as 3000. Formally, based on rock 
slope stability analysis, particularly in seismic model, the mesh build may sometimes be unable 
to converge within the assumed iteration. Therefore, for this particular case, a reliable 
alternative mesh should be built based on trials and errors. 
2.15 LIMITATIONS 
For slope stability analysis, various methods have been investigated. However, each method 
has its own limitations. For engineering design, understanding the limitations of each methods 
is important. Therefore, the relative shortcomings based on each method are summarized 
below: 
Limit equilibrium method 
The LEM requires the slope to be divided into many slices. Therefore, the potential slip surface 
must be assumed before calculating the stability of slopes (Duncan 1996; Krahn 2003). The 
inter column shear force also must be assumed for each slice (Bishop 2008; Janbu 1973); In 
addition, this method in most case only be used for circular surfaces (Kaur and Sharma ). 
Finite element method 
For finite element method, the obtained F is based on strength reduction method (Griffiths and 
Lane 1999). However, the present research shows that the strength reduction method is sensitive 
and difficult to estimate (Cheng et al. 2007). 
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Limit analysis 
The limitation for limit analysis is similarly to LEM, which requires the assumption of potential 
slip surface (Gao et al. 2013). However, failure mechanisms are highly influenced by the slope 
geometry and the soil properties (Gao et al. 2013), and the failure surface is difficult to assume. 
Finite element limit analysis methods 
For LA, the mesh arrangement influences the results, and case computation time is increased 
with increased mesh refinement. In addition, the true displacement of the slope slide is difficult 
to predict. 
Artificial neural network 
The ANN requires a large amount of input data, which can be difficult to debug. However, the 
results based on probabilistic method do not have explanatory power. In other words, the entire 
computation is in a black box once the data are trained (Basheer and Hajmeer 2000 ). 
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2.17 APPENDIX 
Table 2.1. Summary table for the 2D limit equilibrium method 
2 D Limit Equilibrium Method 
Author/Year Comments Charts 
Bishop 1955 
Simplified method of slices / Satisfying moment equilibrium only 
Assumption of no inter-column shear force and slip surface 
No 
Janbu et al. 1956 
Satisfying force equilibrium 
Assumption of a correction factor for inter-column shear force 
No 
Morgenstern and 
Price 1965  
Satisfying both moment and force equilibrium 
Assumption on inter-column shear force as a function and slip 
surface 
No 
Spencer 1967  
Satisfying both moment and force equilibrium 
Consider inter column shear force as a constant function and slip 
surface 
No 
Fredlund and 
Krahn 1977  
Compilation of existing limit equilibrium method No 
Fredlund et al. 
1981  
Derivation of general limit equilibrium method  No 
Leshchinsky 1990  
No static assumption required 
Assumption of slip surface 
No 
Leshchinsky and 
Huang 1992  
Generalized from Leshchinsky (1990) No 
Leshchinsky and 
San 1994 
No static assumption required 
Assumption of failure mechanism and Consideration of seismic 
loading 
No 
Ling et al. 1997  
Consideration of seismic loading both vertical and horizontal 
Assumption of failure mechanism 
No 
Zhu et al. 2001  Modified Morgenstern and Price (1965) to inter-column forces No 
Baker 2003  Modified Taylor (1937) to locate critical slip surface No 
Krahn 2003  Discussion of limitation and consider finite element method No 
Baker et al. 2006  Consideration of seismic loading Yes 
Slope stability assessments considering material inhomogeneity 
 
49 
 
Table 2.2. Summary table for the 3D limit equilibrium method 
3D limit equilibrium method 
Author/Year Comments Charts 
Ugai 1985 Assumption of failure surface to be split cylinders with curved ends No 
Cavoundis 
1987 
On the note that 3D factor of safety is higher than 2D factor of safety No 
Hungr 1987  Extension of Bishop (1955) No 
Gens et al. 
1988 
For purely cohesive soils and Assumption of rotational slides 
Extension of Fellenius (1936) 
Supports the fact that 3D factor of safety is higher than 2D factor of 
safety 
Yes 
Leshchinsky 
and Huang 
1992a 
Extension of Leshchinsky and Huang (1992b) No 
Lam and 
Fredlund 1993  
Extension of Fredlund and Krahn (1977) and Fredlund et al. (1981) No 
Stark and Eid 
1998 
Supports the idea that 2D underestimates the factor of safety No 
Huang and 
Tsai 2000 
Extension of Bishop (1955), Consideration of asymmetrical slope 
Assumption of semi spherical failure surface and failure mechanism 
No 
Huang et al. 
2002 
Modified and generalized from Huang and Tsai (2000) 
Extension of Janbu (1973) 
No 
Chang 2002; 
Xie et al. 2006 
Assumption of sliding mass as block system No 
Xie et al. 2006  
Incorporation of Geographical Information System into slope stability 
analysis to improve slope spatial properties input 
No 
Cheng and Yip 
2007 
Asymmetrical extension of Bishop (1955) and Janbu (1973) 
Assumption of unique sliding direction as opposed to Huang and Tsai 
(2000) and Huang et al. (2002) 
No 
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Table 2.3. Summary table for the finite element method 
Finite element method 
Author / Year Comments Charts 
Matsui and 
San 1992 
Verify the use of Strength Reduction Method 
Comparison of the results by Fellenius (1936) to justify Strength 
Reduction Method 
No 
Potts et al. 
2009 
Study of progressive failure No 
Griffiths and 
Lane 1999  
No prior assumption required 
Application of Strength Reduction Method and non-convergence criteria 
to determine failure 
Non-convergence could be due to several factors other than failure 
No 
Lane and 
Griffiths 
2000 
Slope stability analysis under draw down conditions Yes 
Lechman and 
Griffiths 
2000 
Study of progressive failure with incremental gravity No 
Manzari and 
Nour 2000  
Study the effect of soil dilatancy on slope stability analysis No 
Troncone 
2005 
Study of progressive failure No 
Zheng et al. 
2005 
Study the effect of iteration limit and selection of Poisson ratio and 
found that factor of safety could be underestimated 
No 
Wei et al. 
2009 
State that the Strength Reduction Method can be sensitive to soft band 
with frictional soil and convergence criteria 
No 
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Table 2.4. Summary table for the 2D finite element limit analysis 
2D finite element limit analysis 
Author/Year Comments Charts 
Donald and 
Chen 1997 
Upper bound theorem for randomly generated slip surface No 
Michalowski 
1997 
Upper bound theorem for uniformly reinforced slopes and assumed 
failure surface 
Yes 
Yu et al. 1998 
Upper and lower bound theorem 
Study the application of finite element limit analysis 
No 
Kim et al. 
1999 
Finite element limit analysis consider with pore pressure Yes 
Zhang 1999 
Rigid finite element limit analysis based on lower bound theorem. 
Assumed circular slip surface 
Division of soil mass into slices and wedges or arbitrary polyhedral 
No 
Michalowski 
2002 
Upper bound theorem 
Consideration of pore pressure/seismic loading 
Assumed collapse mechanism and failure surface 
Yes 
Chen et al. 
2003 
Upper bound theorem finite element limit analysis 
Assumed failure surface 
No 
Loukidis et al. 
2003 
Finite element limit analysis based on both upper and lower bound 
theorem consider seismic loading 
No 
Chen et al. 
2004 
Upper bound finite element limit analysis consider pore pressure 
Assumed collapse mechanism 
No 
Viratjandr and 
Michalowski 
2006 
Upper bound theorem for slope under water drawdown 
Assumed collapse mechanism and failure surface 
Yes 
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Table 2.5. Summary table for the 3D finite element limit analysis 
3D finite element limit analysis 
Author and Year Comments Charts 
Michalowski 1989  
Upper bound theorem 
Study the limit load of locally loaded slope 
Chart solution for selective parameters 
Failure mass assumed to be rigid block 
Yes 
Chen et al. 2001a; 
Chen et al. 2001b 
Extension of Donald and Chen (1997) 
Upper bound theorem 
Assumed slip surface 
Failure mass in the form of prism 
No 
Farzaneh and Askari 
2003 
Extension of Michalowski (1989) to consider non loaded slope 
Upper bound theorem 
No 
Chen et al. 2005 
Upper bound theorem 
Long computational time 
Assumed slip surface 
No 
Li et al. 2009 Finite element limit analysis Yes 
Li et al. 2010 Upper bound theorem Yes 
Michalowski 2010 Assumed collapse mechanism Yes 
 
 
Table 2.6. Relationships between the blast damaged zone thicknesses and slope height (Hoek and 
Karzulovic 2000) 
Large production blast, confined and with little or no control D = 2 to 2.5 H 
Production blast with no control but blasting to a free face D = 1 to 1.5 H 
Production blast, confined but with some control, e.g. one or more 
buffer rows 
D = 1 to 1.2 H 
Production blast with some control, e.g. one or more buffer rows, and 
blasting to a free face 
D = 0.5 to 1 H 
Carefully controlled production blast with a free face D = 0.3 to 0.5 H 
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Figure 2.1. The slope model and forces based on the research of Krahn in 2003 
 
 
 
Figure 2.2. The different types of element based on lower  bound analysis 
 
 
 
Figure 2.3. The model of stress discontinuity in lower bound analysis  
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Figure 2.4. The stresses sign convention 
 
 
Figure 2.5. The stress boundary conditions  
 
 
 
Figure 2.6. The finite element upper bound limit analysis methods  
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Figure 2.7. The linear equation for Mohr - Coulomb presented graphically 
 
 
 
 
Figure 2.8. The geological strength index chart for heterogeneous rock masses 
(Marinos and Hoek 2001) 
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Figure 2.9. The Geological strength index classification based on poor quality 
rock masses (Marinos et al. 2005) 
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Figure 2.10. The guidelines for estimating disturbance factor (Hoek et al. 2002) 
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Figure 2.11.  The seismic rock slope model based pseudo static method  
 
 
Figure 2.12. The recommended horizontal seismic values (DeWayne and Julie 
1997) 
 
 
Figure 2.13. Artificial neural networks based on single hidden layer neural 
network (Li et al. 2016) 
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                             (a) Fine mesh                                                      (b) Cause mesh  
Figure 2.14.  The mesh arrangement 
 
 
Figure 2.15. The relationship between results and mesh refine (Liu and Zhao 
2012) 
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CHAPTER 3 SLOPE STABILITY CHARTS FOR TWO-LAYERED 
PURELY COHESIVE SOILS BASED ON THE FINITE ELEMENT 
LIMIT ANALYSIS METHODS 
 
Z. G. Qian, A. J. Li, R.S. Merifield, A.V. Lyamin 
 
3.1 ABSTRACT 
Stability charts for soil slopes, first produced in the first half of the twentieth century, continue 
to be used extensively as design tools and draw the attention of many investigators. This paper 
uses finite-element upper and lower bound limit analysis to assess the short term stability of 
slopes in which the slope material and subgrade foundation material have two distinctly 
different undrained strengths. The stability charts are proposed, and the exact theoretical 
solutions are bracketed to within 4.2% or better. In addition, results from the limit equilibrium 
method (LEM) have been used for comparison. Differences of up to 20% were found between 
the numerical limit analysis and LEM solutions. It also shown that the LEM sometimes leads 
to errors, although it is widely used in practice for slope stability assessments. 
3.2 INTRODUCTION 
The stability problem of natural slopes, filled slopes (such as embankments, earth dams and 
levees), or cut slopes are commonly encountered in civil engineering projects. Predicting the 
slope stability is an everyday task for geotechnical engineers. The combined effects of geology, 
hydrology, and soil properties generally exist as slope stability issues. Because of its practical 
importance, slope stability analysis has drawn the attention of many investigators (Duncan 
1996; Chang 2002; Baker et al. 2006; Michalowski and Tabetha Martel 2011).  
The first set of slope stability charts were proposed by Taylor (1937) and continue to be used 
extensively as simple design and verification tools (Hoek and Bray 1981; Li et al. 2011). More 
sophisticated numerical modelling is still needed during design, especially for large scale 
complex projects. For practicing engineers, however, performing numerical simulations is not 
always warranted or feasible because of time and cost constraints. Therefore, stability charts 
can be seen as convenient tools to provide an easier way to determine the factor of safety for a 
slope. 
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Generally speaking, the limit equilibrium method (LEM) is the most popular approach to 
evaluate slope stability problems (Cassidy et al. 2008; Duncan et al. 2008). However, it is 
known that the best solutions cannot be guaranteed by using the LEM (Li et al. 2012). As 
indicated by Li et al. (2009a), the factor of safety was found to be overestimated (>10%) 
compared with the upper bound (UB) solutions. because the slip surface needs to be assumed 
before any safety factor calculation. However, use of finite element limit analysis methods 
(Lyamin and Sloan 2002a, b; Krabbenhoft et al. 2005) can avoid this drawback, as the failure 
mechanism is generated automatically. 
In addition, using limit theorems not only can provide a simple and useful way of analysing 
the stability of geotechnical structures, but also avoids the shortcomings of the arbitrary 
assumptions underpinning the LEM. In this study, the numerical UB and lower bound (LB) 
limit analysis methods developed by Lyamin and Sloan (2002a, b) and Krabbenhoft et al.  
(2005) are used to produce stability charts by considering two - layered purely cohesive soils. 
Recently, these techniques have been applied to several two- and three-dimensional (2D and 
3D) slope stability investigations in soils (Yu et al. 1998; Loukidis et al. 2003; Li et al. 2010; 
2009b). It should be noted that the slopes composed by two-layered purely cohesive soils are 
common features for levee projects (Duncan et al. 2008); therefore, it is worth having this 
thorough study. Comprehensive chart solutions are provided as well. 
3.3 PREVIOUS STUDIES 
The LEM is one of the most popular methods to assess the stability of slopes (Han and 
Leshchinsky 2004). Currently, LEM has been applied to both 2D (Bishop 1955; Morgenstern 
and Price 1965; Fredlund and Krahn 1977) and 3D (Chang 2002; Huang et al. 2002) slope 
stability analyses. In addition to Taylor’s charts (Taylor 1937), Gens et al. (1988) produced 
chart solutions by considering 3D boundary effects for cohesive soils. Stability charts for 
cohesive-frictional slopes were proposed by Jiang and Yamagami  (2006), who accounted for 
the stability of the long slopes. In addition, Koppula (1984) and Baker et al. (2006) adopted the 
pseudo static (PS) method in limit equilibrium analysis and proposed 2D seismic chart 
solutions for purely cohesive and cohesive frictional soil slopes. 
It is known, however, that in using LEM, the potential slip surface must be assumed before 
calculating the factor of safety (F) for the slope. Moreover, arbitrary assumptions need to be 
made regarding forces between two slices. Because of these assumptions, the results are often 
Slope stability assessments considering material inhomogeneity 
 
62 
 
questioned. In particular, in some cases the slip surface must be assumed based on experience 
or judgement. 
The finite element method (FEM) is also a popular approach used for slope analyses. As 
highlighted by Duncan (1996), FEM is an useful tool to calculate stresses, movements, pore 
pressure, and other characteristics of earth masses during construction without previously 
assuming the potential sliding surface. To estimate the slope stability and obtain its factor of 
safety by using finite element analysis, the strength reduction method (SRM) is widely used 
(Griffiths and Lane 1999; Griffiths and Marquez 2007). However, the failure load is determined 
subjectively, generally based on observation of the slope displacement (Hoek et al. 2000; 
Manzari and Nour 2000). In fact, FEM is rarely used to perform slope stability charts, because 
it is not time effective.  
In past decades, most slope stability studies have been based only on the UB method (Donald 
and Chen 1997; Michalowski 2002; Chen et al. 2003; Han et al. 2012; Gao et al. 2013). Likely 
because of the difficulty in manually constructing statically admissible stress fields for the LB 
method. Major contributions for soil slope stability analysis were presented by Michalowski 
and co-workers (Michalowski 1989; Michalowski 2002; Michalowski and Tabetha Martel 
2011; Nadukuru and Michalowski 2013), who provided several sets of 2D and 3D stability 
charts for various soil profiles. The effects of pore pressure seismic loadings, slope 
reinforcement, and footing load on slope stability were taken into account in their studies. It 
should be stated that when using the UB or LB method alone, the true solution cannot be 
bracketed. 
For the slope stability evaluations using both UB and LB limit analysis methods, Shiau et al. 
(2011) investigated the effects of external loading on undrained slopes. Moreover, Kim et al. 
(1999) and Loukidis et al. (2003) proposed sets of stability charts for nonhomogeneous soil 
slopes and cohesive-frictional soil slopes subjected to pore pressure and seismic loadings 
respectively. Recently, numerical UB and LB techniques (Lyamin and Sloan 2002a, b; 
Krabbenhoft et al. 2005) have been applied to 3D slope (Li et al. 2009b, 2010) and trench 
stability problems (Li et al. 2014).  
According to the preceding discussion, a set of chart solutions for slopes having a cohesive soil 
filled on another purely cohesive soil do not exist. The aim of this paper is to provide stability 
charts, produced using numerical UB and LB limit analysis methods (Lyamin and Sloan 2002a, 
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b; Krabbenhoft et al. 2005), as convenient tools for assessing the safety factor for slopes that 
have this feature. 
3.4 PROBLEM DEFINITION 
To simplify the problem, only plane strain cases are considered in this study. The illustration 
of the slope stability problem investigated herein is shown in Figure 3.1. The slope geometry 
analysed for the filled slopes with two purely cohesive layered soils can be seen. It should be 
noted that the undrained shear strength in Region 1 (cu1) and Region 2 (cu2) are different. In 
this study, for given slope height (H), slope angle () and undrained shear strength (cu1 and 
cu2), the optimized solutions of the UB and LB programs can be carried out with respect to the 
unit weight, . In this paper, a range of slope inclinations ( = 15° - 75°) and depth factor (d/H 
= 1.5 - 5) are taken into account. It should be noted that a d/H ratio of one is meaningless, as 
the case is homogeneous slope which has been investigated by Taylor (1937). 
For the UB theorem, the power dissipated by any kinematically admissible velocity field can 
be equated to the power dissipated by the external loads to give a rigorous UB on the true limit 
load (Lyamin and Sloan 2002b). The LB theorem states that the admissible stress field must 
fulfil equilibrium, the stress boundary condition, and yield conditions (Lyamin and Sloan 
2002a). For 2D limit analysis modelling, the mesh generation must follow two important 
guidelines: (1) the overall mesh dimensions are adequate to contain the computed stress field 
(LB) or velocity/plastic field (UB); and (2) there is an adequate concentration of elements 
within critical regions. The final finite element mesh arrangements (both UB and LB) were 
selected only after considerable refinements were made. The typical finite element meshes and 
boundary conditions of the UB and LB limit analysis are displayed in Figure 3.2 (a and b), 
respectively. 
To present the results as chart solutions, a dimensionless stability number (N2c) is defined in 
Equation (3.1) 
N2c = cu1 γHF⁄                                                                                                                   (3.1) 
which is modified based on the stability number proposed by Taylor (1937). In addition, the 
chart solutions are presented by considering the ratio of cu1/cu2 that ranges from 0.2 to 5. This 
covers most problems of practical interest (Merifield et al. 1999). The solutions obtained from 
LEM based on Bishop’s simplified method (Bishop 1955) are used for comparison. 
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3.5 RESULTS AND DISCUSSIONS 
The computed UB and LB estimates of the stability numbers N2c for the slope with a purely 
cohesive soil filled on another purely cohesive soil are given in Table 3.1 - 3.5 and shown 
graphically in Figure 3.3 - 3.7. These results indicate that, for practical design purposes, 
sufficiently small error bounds were achieved. The stability numbers are bracketed within 8% 
or better. Because the obtained unit weight for LB is smaller, a LB calculation actually gives 
an UB on the stability numbers, and vice versa. 
In addition, the solutions obtained from the LEM are also illustrated in Figure 3.3 - 3.7, shown 
as solid lines. For most cases, the stability numbers from the LEM are obviously smaller than 
those from the numerical UB and LB limit analysis methods. In general, the LEM solutions are 
closer to the UB results, implying that the unsafe results could be provided by the LEM. For 
some cases, differences in N2c of up to 20 % can be achieved between the LEM and LB, which 
is significant. Even compared with the UB solutions, the discrepancies are still 14 %. As stated 
by Yu et al. (1998), LB results can be applied to designs straightforwardly because they are 
conservative solutions. This discussion implies that the LEM would not always be adequate to 
deal with slope stability problems with multiple soil layers. 
In Figure 3.3 - 3.7, it can be observed that N2c increases with increasing slope inclination () 
and the ratios of d/H and cu1/cu2 when cu1/cu2 ≥ 1.5. The failure surfaces can be obtained by 
observing the plastic zones from the UB solutions. Based on the comprehensive observations, 
the slope failure mode is of base failure when cu1/cu2 ≥ 1.5. In addition, there is no significant 
shape change in the failure mechanism for different cu1/cu2 ratios. However, while cu1/cu2 ≤ 0.8, 
N2c is almost a constant (flat line) for various d/H ratios. The exceptions are the slopes that 
have lower slope inclination ( ≤ 30°). To explain this phenomenon, the failure surfaces are 
observed more thoroughly. 
Based on the observations of the slopes for  ≥ 45°, the failure surface is found to be controlled 
by the soil in Region 2 which can be seen as a rigid layer. Because only the soil in Region 1 
plays the significant role for N2c, it should be a constant for various d/H ratios. However, this 
phenomenon does not exist for  ≤ 30°. Figure 3.8 shows the plastic zones from the UB 
solutions for  = 15° and d/H = 1.5. In Figure 3.8, the failure surfaces for cu1/cu2 ≤ 0.57 only 
touch the top of the soil in Region 2 which is different from those for cu1/cu2 = 0.66. As shown 
in Figure 3.8 (c), the slip surface passes through both of the soils in Regions 1 and 2 for cu1/cu2 
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= 0.66. Figure 3.9 displays the failure surfaces for  = 15°, cu1/cu2 = 0.5, and various d/H ratios. 
An interesting phenomenon is found that the depth of failure surface increases as d/H 
increasing. The soil masses slip along two soil boundary when d/H ≤ 2. However, the failure 
mechanism is of base failure for d/H ≥ 3. It should be noted that in Figure 3.9 (b) the plastic 
zone appears in both the base failure mode and the interface between two soils.  
The plastic zones for  = 30°, cu1/cu2 = 0.66, and various d/H ratios are shown in Figure 3.10. 
A trend similar to that in Figure 3.9 is observed, in that the depth of failure surface increases 
as d/H increasing. In Figure 3.10, the failure mechanism involves both of the soils in Regions 
1 and 2 for d/H = 4 and 5 as demonstrated by the velocities shown in Figure 3.10 (b and c). 
Figure 3.8 – 3.10 show the transitions of the slope failure mode for various , cu1/cu2, and d/H 
values. Because of the change of the failure mode, N2c is not always a constant. These findings 
explain why N2c is not a flat line when  ≤ 30° and cu1/cu2 ≤ 0.8. 
Some of the failure mechanisms (solid lines) obtained from the LEM are also displayed in 
Figure 3.8 – 3.10. Because unsafe solutions will be obtained using LEM, the circular failure 
mode would not be the most critical for the slope that combines two different clays. In addition, 
Figure 3.10 is a special case in which the slip surfaces from the LEM are found to be unchanged 
when d/H is changed from 3.3 to 3.5. This is different from the UB results, in which the depth 
of the slip surface increases with increasing d/H. 
3.6 APPLICATION EXAMPLE 
A filled slope design project, Case 1, has H = 5m,  = 18 kN/m3, d/H = 2, cu1 = 50 kN/m2, and 
cu1/cu2 = 4.0. Based on the preceding information, cu1/H = 50 / (5×18) = 0.555 can be obtained. 
Using the stability number in Table 3.1 – 3.5, F can be simply calculated as 0.555/N2c for 
various slope angles. The results are shown in Table 3.6, and therefore  can be designed based 
on a desired magnitude of F. It can be seen in Table 3.6 that the slope will be close to critical 
state if  ≥ 60°. By comparing F from three different methods, it can be observed that F(LEM) 
is slightly less sensitive when  is changed from 30° to 75°. This phenomenon is also found 
when d/H ≥ 2 and cu1/cu2 ≥ 2. In addition, Table 3.6 also shows that F(LEM) > F(UB) > F(LB), 
indicating that LEM can lead to a non-conservative design. Because F is calculated based on 
Equation (3.1), the differences in F between LEM and numerical limit analysis methods are 
also the differences in N2c, which are shown in Table 3.1 – 3.5. 
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Moreover, the chart solutions can be used to design the slope height. For example, Case 2 has 
similar information to Case 1; however, the slope height is unknown and  = 30°. From Table 
3.1 - 3.5, N2c is 0.495, 0.478 and 0.461 for LB, UB and LEM, respectively. The calculate ratios 
of cu1/H for different slope heights are displayed in Table 3.7. Therefore, F can be obtained 
based on the previous information. The results of F, which can be seen in Table 3.7, indicate 
that the slope will be critical when H ≥ 6 m. Again, the user can make decisions for the slope 
height based on the desired magnitude of F.  
Because the ratio of cu1/cu2 is 4.5 for the above cases, it should be noted that the slope failure 
mechanism pass through both soils in Region 1 and Region 2 (Figure 3.1) which has been 
discussed previously. Therefore, it is interesting to investigate a case if the failure surface could 
involve only the soil in Region 1. The ratio of cu1/cu2 = 0.8 and cu1 = 40 kN/m
2 are assumed for 
Case 3. Other required inputs are the same as Case 1. The ratio cu1/H = 40 / (5×18) = 0.444 is 
thus calculated. The obtained results of F for different slope inclinations are shown in Table 
3.8, where the stability numbers (N2c) are from Table 3.1 - 3.5.  
Compared with the results in Table 3.6, it can be found that F (LB) for cu1/cu2 = 4.5 is smaller 
than that for cu1/cu2 = 0.8, although cu1 has decreased from 50 to 40 kN/m
2. In addition, the 
influence of  on the safety factor is found to be less significant for Case 1. The difference in 
F(LB) between  = 15° and 75° is 28%, as shown in Table 3.6. However, the discrepancy is 
approximately 79% for Case 3 when  = 15° is changed to  = 75°. Based on detailed 
observation, the influence of  on the safety factor is more significant if the slope failure mode 
regards only the soil in Region 1. However, there is no obvious trend that can quantify the 
influence of  on the safety factor for various cu1/cu2 ratios. 
3.7 CONCLUSION 
This paper uses finite element UB and LB limit analysis methods to analyse filled slopes 
composed of two different purely cohesive soils. In addition, limit equilibrium analysis 
(Bishop’s simplified method (1955)) is adopted for comparison. In this study, the stability 
numbers, N2c, are presented using chart solutions. The true solutions are bracketed within 8% 
or better. By observing the UB plastic zones, the majority slope failure mode is base failure 
when cu1/cu2 ≥ 1.5. Toe failure is noticed for cu1/cu2 ≤ 0.8 and  ≥ 45°. This study found that the 
depth of failure surface increases with increasing d/H when cu1/cu2 ≤ 0.8 and the slope has a 
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smaller inclination ( ≤ 30°). Also, the predetermined circular slip surface in LEM is not always 
adequate to assess the filled slopes investigated in this study. 
It should be noted that LB solutions are more valuable than UB and LEM solutions, as they 
can be used in practice directly to give a safe design. The results from the LEM are generally 
smaller than those from numerical limit analysis methods. Although LEM can give reasonable 
solutions for most cases investigated in this study, it still can lead to an overestimation of safety 
factor for slope designs; sometimes the difference can be up to 20%. Therefore, engineers 
should use LEM carefully when it is applied to a slope with layered soils. 
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3.9 APPENDIX 
Table 3.1. Stability numbers for  = 15o 
d/H cu1/cu2 N2c (LB) N2c (UB) N2c (LEM) 
F difference between 
LEM and LB (%) 
F difference between 
LEM and UB (%) 
1.5 
0.2 0.090 0.087 0.082 9.76  6.10  
0.25 0.090 0.087 0.083 8.43  4.82  
0.33 0.090 0.087 0.082 9.76  6.10  
0.4 0.090 0.087 0.082 9.76  6.10  
0.5 0.090 0.087 0.083 8.43  4.82  
0.57 0.090 0.087 0.083 8.43  4.82  
0.66 0.095 0.092 0.087 9.20  5.75  
0.8 0.110 0.106 0.107 2.80  -0.93  
1.5 0.171 0.164 0.164 4.27  0.00  
2 0.204 0.195 0.185 10.27  5.41  
2.5 0.231 0.220 0.209 10.53  5.26  
3 0.254 0.242 0.234 8.55  3.42  
3.5 0.274 0.260 0.243 12.76  7.00  
4 0.291 0.276 0.258 12.79  6.98  
4.5 0.307 0.290 0.271 13.28  7.01  
5 0.322 0.303 0.281 14.59  7.83  
2 
0.2 0.090 0.087 0.084 7.14  3.57  
0.25 0.090 0.087 0.084 7.14  3.57  
0.33 0.090 0.087 0.085 5.88  2.35  
0.4 0.090 0.087 0.085 5.88  2.35  
0.5 0.090 0.087 0.085 5.88  2.35  
0.57 0.094 0.092 0.092 2.17  0.00  
0.66 0.107 0.104 0.104 2.88  0.00  
0.8 0.126 0.123 0.123 2.44  0.00  
1.5 0.208 0.203 0.204 1.96  -0.49  
2 0.257 0.249 0.250 2.80  -0.40  
2.5 0.298 0.289 0.290 2.76  -0.34  
3 0.334 0.324 0.324 3.09  0.00  
3.5 0.366 0.354 0.354 3.39  0.00  
4 0.394 0.381 0.381 3.41  0.00  
4.5 0.420 0.406 0.404 3.96  0.50  
5 0.446 0.429 0.425 4.94  0.94  
3 
0.2 0.090 0.086 0.083 8.43  3.61  
0.25 0.090 0.086 0.083 8.43  3.61  
0.33 0.090 0.086 0.083 8.43  3.61  
0.4 0.090 0.086 0.083 8.43  3.61  
0.5 0.090 0.089 0.089 1.12  0.00  
0.57 0.101 0.100 0.100 1.00  0.00  
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0.66 0.116 0.115 0.115 0.87  0.00  
0.8 0.138 0.137 0.137 0.73  0.00  
1.5 0.241 0.238 0.237 1.69  0.42  
2 0.307 0.302 0.299 2.68  1.00  
2.5 0.367 0.361 0.355 3.38  1.69  
3 0.424 0.416 0.407 4.18  2.21  
3.5 0.476 0.467 0.455 4.62  2.64  
4 0.525 0.514 0.498 5.42  3.21  
4.5 0.572 0.559 0.538 6.32  3.90  
5 0.616 0.602 0.574 7.32  4.88  
4 
0.2 0.090 0.086 0.084 7.14  2.38  
0.25 0.090 0.086 0.084 7.14  2.38  
0.33 0.090 0.086 0.084 7.14  2.38  
0.4 0.090 0.086 0.084 7.14  2.38  
0.5 0.092 0.091 0.090 2.22  1.11  
0.57 0.104 0.103 0.102 1.96  0.98  
0.66 0.119 0.118 0.117 1.71  0.85  
0.8 0.143 0.142 0.140 2.14  1.43  
1.5 0.255 0.252 0.249 2.41  1.20  
2 0.329 0.325 0.319 3.13  1.88  
2.5 0.399 0.393 0.385 3.64  2.08  
3 0.466 0.458 0.445 4.72  2.92  
3.5 0.529 0.520 0.502 5.38  3.59  
4 0.590 0.580 0.555 6.31  4.50  
4.5 0.650 0.637 0.605 7.44  5.29  
5 0.708 0.693 0.651 8.76  6.45  
5 
0.2 0.090 0.086 0.086 4.65  0.00  
0.25 0.090 0.086 0.086 4.65  0.00  
0.33 0.090 0.086 0.086 4.65  0.00  
0.4 0.090 0.086 0.086 4.65  0.00  
0.5 0.093 0.093 0.091 2.20  2.20  
0.57 0.106 0.105 0.104 1.92  0.96  
0.66 0.121 0.121 0.119 1.68  1.68  
0.8 0.146 0.145 0.142 2.82  2.11  
1.5 0.263 0.260 0.254 3.54  2.36  
2 0.341 0.338 0.333 2.40  1.50  
2.5 0.417 0.412 0.406 2.71  1.48  
3 0.489 0.484 0.469 4.26  3.20  
3.5 0.559 0.552 0.532 5.08  3.76  
4 0.627 0.619 0.595 5.38  4.03  
4.5 0.693 0.684 0.652 6.29  4.91  
5 0.758 0.747 0.703 7.82  6.26  
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Table 3.2. Stability numbers for  = 30° 
d/H cu1/cu2 N2c (LB) N2c (UB) N2c (LEM) 
F difference between 
LEM and LB (%) 
F difference between 
LEM and UB (%) 
1.5 
0.2 0.134 0.128 0.114 17.54  12.28  
0.25 0.134 0.128 0.115 16.52  11.30  
0.33 0.134 0.128 0.114 17.54  12.28  
0.4 0.134 0.128 0.115 16.52  11.30  
0.5 0.134 0.128 0.115 16.52  11.30  
0.57 0.134 0.128 0.114 17.54  12.28  
0.66 0.134 0.128 0.119 12.61  7.56  
0.8 0.142 0.139 0.139 2.16  0.00  
1.5 0.220 0.212 0.213 3.29  -0.47  
2 0.261 0.251 0.252 3.57  -0.40  
2.5 0.294 0.282 0.284 3.52  -0.70  
3 0.322 0.308 0.309 4.21  -0.32  
3.5 0.346 0.329 0.330 4.85  -0.30  
4 0.366 0.348 0.352 3.98  -1.14  
4.5 0.384 0.365 0.367 4.63  -0.54  
5 0.402 0.380 0.376 6.91  1.06  
2 
0.2 0.134 0.127 0.114 17.54  11.40  
0.25 0.134 0.127 0.114 17.54  11.40  
0.33 0.134 0.127 0.114 17.54  11.40  
0.4 0.134 0.127 0.114 17.54  11.40  
0.5 0.134 0.127 0.114 17.54  11.40  
0.57 0.134 0.127 0.114 17.54  11.40  
0.66 0.134 0.127 0.120 11.67  5.83  
0.8 0.147 0.144 0.142 3.52  1.41  
1.5 0.241 0.236 0.234 2.99  0.85  
2 0.298 0.289 0.287 3.83  0.70  
2.5 0.346 0.336 0.331 4.53  1.51  
3 0.389 0.377 0.371 4.85  1.62  
3.5 0.428 0.414 0.405 5.68  2.22  
4 0.463 0.447 0.435 6.44  2.76  
4.5 0.495 0.478 0.461 7.38  3.69  
5 0.527 0.507 0.485 8.66  4.54  
3 
0.2 0.134 0.127 0.111 20.72  14.41  
0.25 0.134 0.127 0.111 20.72  14.41  
0.33 0.134 0.127 0.111 20.72  14.41  
0.4 0.134 0.127 0.111 20.72  14.41  
0.5 0.134 0.127 0.111 20.72  14.41  
0.57 0.134 0.127 0.111 20.72  14.41  
0.66 0.134 0.127 0.122 9.84  4.10  
0.8 0.150 0.148 0.145 3.45  2.07  
1.5 0.260 0.256 0.250 4.00  2.40  
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2 0.330 0.324 0.315 4.76  2.86  
2.5 0.395 0.388 0.374 5.61  3.74  
3 0.456 0.447 0.429 6.29  4.20  
3.5 0.513 0.503 0.478 7.32  5.23  
4 0.569 0.556 0.523 8.80  6.31  
4.5 0.622 0.608 0.565 10.09  7.61  
5 0.674 0.658 0.603 11.77  9.12  
4 
0.2 0.134 0.126 0.114 17.54  10.53  
0.25 0.134 0.126 0.114 17.54  10.53  
0.33 0.134 0.126 0.114 17.54  10.53  
0.4 0.134 0.126 0.114 17.54  10.53  
0.5 0.134 0.126 0.114 17.54  10.53  
0.57 0.134 0.126 0.114 17.54  10.53  
0.66 0.134 0.127 0.122 9.84  4.10  
0.8 0.152 0.151 0.145 4.83  4.14  
1.5 0.268 0.265 0.256 4.69  3.52  
2 0.345 0.341 0.329 4.86  3.65  
2.5 0.418 0.413 0.396 5.56  4.29  
3 0.487 0.482 0.459 6.10  5.01  
3.5 0.554 0.548 0.517 7.16  6.00  
4 0.620 0.612 0.572 8.39  6.99  
4.5 0.684 0.675 0.624 9.62  8.17  
5 0.747 0.736 0.672 11.16  9.52  
5 
0.2 0.134 0.126 0.116 15.52  8.62  
0.25 0.134 0.126 0.116 15.52  8.62  
0.33 0.134 0.126 0.116 15.52  8.62  
0.4 0.134 0.126 0.116 15.52  8.62  
0.5 0.134 0.126 0.115 16.52  9.57  
0.57 0.134 0.126 0.116 15.52  8.62  
0.66 0.134 0.127 0.122 9.84  4.10  
0.8 0.153 0.152 0.146 4.79  4.11  
1.5 0.273 0.271 0.261 4.60  3.83  
2 0.354 0.351 0.338 4.73  3.85  
2.5 0.431 0.427 0.411 4.87  3.89  
3 0.505 0.501 0.479 5.43  4.59  
3.5 0.578 0.572 0.544 6.25  5.15  
4 0.648 0.642 0.605 7.11  6.12  
4.5 0.718 0.710 0.663 8.30  7.09  
5 0.787 0.778 0.718 9.61  8.36  
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Table 3.3. Stability numbers for  = 45° 
d/H cu1/cu2 N2c (LB) N2c (UB) N2c (LEM) 
F difference between 
LEM and LB (%) 
F difference between 
LEM and UB (%) 
1.5 
0.2 0.167 0.162 0.152 9.87  6.58  
0.25 0.167 0.162 0.152 9.87  6.58  
0.33 0.167 0.162 0.150 11.33  8.00  
0.4 0.167 0.162 0.152 9.87  6.58  
0.5 0.167 0.162 0.152 9.87  6.58  
0.57 0.167 0.162 0.151 10.60  7.28  
0.66 0.167 0.162 0.151 10.60  7.28  
0.8 0.167 0.162 0.152 9.87  6.58  
1.5 0.237 0.231 0.226 4.87  2.21  
2 0.281 0.272 0.267 5.24  1.87  
2.5 0.316 0.306 0.300 5.33  2.00  
3 0.346 0.333 0.328 5.49  1.52  
3.5 0.371 0.356 0.347 6.92  2.59  
4 0.393 0.376 0.366 7.38  2.73  
4.5 0.413 0.393 0.386 6.99  1.81  
5 0.435 0.409 0.399 9.02  2.51  
2 
0.2 0.167 0.159 0.151 10.60  5.30  
0.25 0.167 0.159 0.151 10.60  5.30  
0.33 0.167 0.159 0.150 11.33  6.00  
0.4 0.167 0.159 0.150 11.33  6.00  
0.5 0.167 0.159 0.150 11.33  6.00  
0.57 0.167 0.159 0.151 10.60  5.30  
0.66 0.167 0.159 0.150 11.33  6.00  
0.8 0.167 0.159 0.152 9.87  4.61  
1.5 0.253 0.247 0.241 4.98  2.49  
2 0.310 0.303 0.294 5.44  3.06  
2.5 0.360 0.351 0.343 4.96  2.33  
3 0.405 0.394 0.383 5.74  2.87  
3.5 0.445 0.432 0.420 5.95  2.86  
4 0.481 0.466 0.448 7.37  4.02  
4.5 0.517 0.498 0.480 7.71  3.75  
5 0.558 0.531 0.500 11.60  6.20  
3 
0.2 0.167 0.158 0.152 9.87  3.95  
0.25 0.167 0.158 0.150 11.33  5.33  
0.33 0.167 0.158 0.151 10.60  4.64  
0.4 0.167 0.158 0.152 9.87  3.95  
0.5 0.167 0.158 0.151 10.60  4.64  
0.57 0.167 0.158 0.151 10.60  4.64  
0.66 0.167 0.158 0.152 9.87  3.95  
0.8 0.167 0.159 0.152 9.87  4.61  
1.5 0.267 0.263 0.252 5.95  4.37  
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2 0.338 0.333 0.320 5.63  4.06  
2.5 0.404 0.397 0.378 6.88  5.03  
3 0.465 0.457 0.435 6.90  5.06  
3.5 0.524 0.514 0.485 8.04  5.98  
4 0.580 0.568 0.532 9.02  6.77  
4.5 0.635 0.621 0.572 11.01  8.57  
5 0.688 0.672 0.612 12.42  9.80  
4 
0.2 0.168 0.158 0.151 11.26  4.64  
0.25 0.168 0.158 0.151 11.26  4.64  
0.33 0.168 0.158 0.151 11.26  4.64  
0.4 0.168 0.158 0.152 10.53  3.95  
0.5 0.168 0.158 0.151 11.26  4.64  
0.57 0.168 0.158 0.152 10.53  3.95  
0.66 0.168 0.158 0.151 11.26  4.64  
0.8 0.168 0.159 0.151 11.26  5.30  
1.5 0.274 0.271 0.258 6.20  5.04  
2 0.351 0.347 0.331 6.04  4.83  
2.5 0.425 0.419 0.399 6.52  5.01  
3 0.495 0.488 0.462 7.14  5.63  
3.5 0.562 0.554 0.521 7.87  6.33  
4 0.628 0.618 0.576 9.03  7.29  
4.5 0.693 0.682 0.628 10.35  8.60  
5 0.757 0.744 0.676 11.98  10.06  
5 
0.2 0.168 0.156 0.150 12.00  4.00  
0.25 0.168 0.156 0.151 11.26  3.31  
0.33 0.168 0.156 0.150 12.00  4.00  
0.4 0.168 0.156 0.150 12.00  4.00  
0.5 0.168 0.156 0.151 11.26  3.31  
0.57 0.168 0.156 0.151 11.26  3.31  
0.66 0.168 0.156 0.150 12.00  4.00  
0.8 0.168 0.158 0.152 10.53  3.95  
1.5 0.278 0.275 0.262 6.11  4.96  
2 0.359 0.355 0.340 5.59  4.41  
2.5 0.437 0.432 0.412 6.07  4.85  
3 0.511 0.506 0.481 6.24  5.20  
3.5 0.584 0.577 0.546 6.96  5.68  
4 0.654 0.647 0.607 7.74  6.59  
4.5 0.724 0.716 0.666 8.71  7.51  
5 0.794 0.784 0.720 10.28  8.89  
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Table 3.4. Stability numbers for  = 60° 
d/H cu1/cu2 N2c (LB) N2c (UB) N2c (LEM) 
F difference between 
LEM and LB (%) 
F difference between 
LEM and UB (%) 
1.5 
0.2 0.194 0.189 0.178 8.99  6.18  
0.25 0.194 0.189 0.178 8.99  6.18  
0.33 0.194 0.189 0.177 9.60  6.78  
0.4 0.194 0.189 0.177 9.60  6.78  
0.5 0.194 0.189 0.178 8.99  6.18  
0.57 0.194 0.189 0.177 9.60  6.78  
0.66 0.194 0.189 0.177 9.60  6.78  
0.8 0.194 0.189 0.177 9.60  6.78  
1.5 0.249 0.242 0.229 8.73  5.68  
2 0.293 0.284 0.271 8.12  4.80  
2.5 0.329 0.317 0.307 7.17  3.26  
3 0.360 0.345 0.341 5.57  1.17  
3.5 0.386 0.369 0.365 5.75  1.10  
4 0.412 0.390 0.390 5.64  0.00  
4.5 0.440 0.410 0.410 7.32  0.00  
5 0.472 0.433 0.430 9.77  0.70  
2 
0.2 0.194 0.186 0.175 10.86  6.29  
0.25 0.194 0.186 0.173 12.14  7.51  
0.33 0.194 0.186 0.173 12.14  7.51  
0.4 0.194 0.186 0.173 12.14  7.51  
0.5 0.194 0.186 0.176 10.23  5.68  
0.57 0.194 0.186 0.176 10.23  5.68  
0.66 0.194 0.186 0.176 10.23  5.68  
0.8 0.194 0.186 0.173 12.14  7.51  
1.5 0.261 0.256 0.243 7.41  5.35  
2 0.319 0.312 0.299 6.69  4.35  
2.5 0.370 0.361 0.348 6.32  3.74  
3 0.415 0.404 0.386 7.51  4.66  
3.5 0.457 0.443 0.421 8.55  5.23  
4 0.497 0.479 0.453 9.71  5.74  
4.5 0.542 0.517 0.480 12.92  7.71  
5 0.591 0.562 0.505 17.03  11.29  
3 
0.2 0.195 0.186 0.174 12.07  6.90  
0.25 0.195 0.186 0.174 12.07  6.90  
0.33 0.195 0.186 0.174 12.07  6.90  
0.4 0.195 0.186 0.173 12.72  7.51  
0.5 0.195 0.186 0.174 12.07  6.90  
0.57 0.195 0.186 0.174 12.07  6.90  
0.66 0.195 0.186 0.174 12.07  6.90  
0.8 0.195 0.186 0.174 12.07  6.90  
1.5 0.273 0.269 0.254 7.48  5.91  
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2 0.345 0.339 0.322 7.14  5.28  
2.5 0.411 0.403 0.380 8.16  6.05  
3 0.472 0.464 0.437 8.01  6.18  
3.5 0.531 0.520 0.486 9.26  7.00  
4 0.587 0.575 0.531 10.55  8.29  
4.5 0.643 0.629 0.572 12.41  9.97  
5 0.700 0.682 0.607 15.32  12.36  
4 
0.2 0.195 0.186 0.172 13.37  8.14  
0.25 0.195 0.186 0.173 12.72  7.51  
0.33 0.195 0.186 0.173 12.72  7.51  
0.4 0.195 0.186 0.173 12.72  7.51  
0.5 0.195 0.186 0.173 12.72  7.51  
0.57 0.195 0.186 0.172 13.37  8.14  
0.66 0.195 0.186 0.173 12.72  7.51  
0.8 0.195 0.186 0.173 12.72  7.51  
1.5 0.278 0.275 0.260 6.92  5.77  
2 0.357 0.352 0.334 6.89  5.39  
2.5 0.430 0.424 0.399 7.77  6.27  
3 0.500 0.493 0.465 7.53  6.02  
3.5 0.568 0.559 0.521 9.02  7.29  
4 0.634 0.624 0.577 9.88  8.15  
4.5 0.700 0.687 0.629 11.29  9.22  
5 0.764 0.750 0.678 12.68  10.62  
5 
0.2 0.196 0.184 0.177 10.73  3.95  
0.25 0.196 0.184 0.177 10.73  3.95  
0.33 0.196 0.184 0.177 10.73  3.95  
0.4 0.196 0.184 0.177 10.73  3.95  
0.5 0.196 0.184 0.176 11.36  4.55  
0.57 0.196 0.184 0.177 10.73  3.95  
0.66 0.196 0.184 0.176 11.36  4.55  
0.8 0.196 0.185 0.176 11.36  5.11  
1.5 0.281 0.278 0.261 7.66  6.51  
2 0.363 0.359 0.340 6.76  5.59  
2.5 0.442 0.436 0.413 7.02  5.57  
3 0.517 0.511 0.482 7.26  6.02  
3.5 0.589 0.582 0.547 7.68  6.40  
4 0.660 0.652 0.608 8.55  7.24  
4.5 0.730 0.721 0.666 9.61  8.26  
5 0.801 0.790 0.720 11.25  9.72  
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Table 3.5. Stability numbers for  = 75° 
d/H cu1/cu2 N2c (LB) N2c (UB) N2c (LEM) 
F difference between 
LEM and LB (%) 
F difference between 
LEM and UB (%) 
1.5 
0.2 0.224 0.218 0.204 9.80  6.86  
0.25 0.224 0.218 0.204 9.80  6.86  
0.33 0.224 0.218 0.203 10.34  7.39  
0.4 0.224 0.218 0.203 10.34  7.39  
0.5 0.224 0.218 0.204 9.80  6.86  
0.57 0.224 0.218 0.202 10.89  7.92  
0.66 0.224 0.218 0.201 11.44  8.46  
0.8 0.224 0.218 0.203 10.34  7.39  
1.5 0.261 0.256 0.246 6.10  4.07  
2 0.306 0.298 0.292 4.79  2.05  
2.5 0.343 0.334 0.327 4.89  2.14  
3 0.375 0.364 0.359 4.46  1.39  
3.5 0.406 0.393 0.383 6.01  2.61  
4 0.440 0.425 0.412 6.80  3.16  
4.5 0.479 0.461 0.432 10.88  6.71  
5 0.523 0.500 0.479 9.19  4.38  
2 
0.2 0.225 0.217 0.202 11.39  7.43  
0.25 0.225 0.217 0.201 11.94  7.96  
0.33 0.225 0.217 0.199 13.07  9.05  
0.4 0.225 0.217 0.201 11.94  7.96  
0.5 0.225 0.217 0.201 11.94  7.96  
0.57 0.225 0.217 0.201 11.94  7.96  
0.66 0.225 0.217 0.200 12.50  8.50  
0.8 0.225 0.217 0.202 11.39  7.43  
1.5 0.271 0.266 0.243 11.52  9.47  
2 0.330 0.324 0.299 10.37  8.36  
2.5 0.382 0.374 0.346 10.40  8.09  
3 0.430 0.419 0.387 11.11  8.27  
3.5 0.476 0.462 0.422 12.80  9.48  
4 0.529 0.508 0.450 17.56  12.89  
4.5 0.587 0.560 0.482 21.78  16.18  
5 0.645 0.615 0.506 27.47  21.54  
3 
0.2 0.226 0.214 0.205 10.24  4.39  
0.25 0.226 0.214 0.201 12.44  6.47  
0.33 0.226 0.214 0.201 12.44  6.47  
0.4 0.226 0.214 0.201 12.44  6.47  
0.5 0.226 0.214 0.201 12.44  6.47  
0.57 0.226 0.214 0.201 12.44  6.47  
0.66 0.226 0.214 0.201 12.44  6.47  
0.8 0.226 0.214 0.201 12.44  6.47  
1.5 0.279 0.274 0.255 9.41  7.45  
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2 0.352 0.345 0.322 9.32  7.14  
2.5 0.419 0.410 0.381 9.97  7.61  
3 0.483 0.471 0.437 10.53  7.78  
3.5 0.544 0.529 0.488 11.48  8.40  
4 0.607 0.586 0.532 14.10  10.15  
4.5 0.678 0.649 0.575 17.91  12.87  
5 0.748 0.715 0.613 22.02  16.64  
4 
0.2 0.226 0.213 0.197 14.72  8.12  
0.25 0.226 0.213 0.197 14.72  8.12  
0.33 0.226 0.213 0.197 14.72  8.12  
0.4 0.226 0.213 0.196 15.31  8.67  
0.5 0.226 0.213 0.197 14.72  8.12  
0.57 0.226 0.213 0.197 14.72  8.12  
0.66 0.226 0.213 0.197 14.72  8.12  
0.8 0.226 0.213 0.197 14.72  8.12  
1.5 0.283 0.279 0.260 8.85  7.31  
2 0.362 0.357 0.332 9.04  7.53  
2.5 0.437 0.431 0.400 9.25  7.75  
3 0.508 0.501 0.464 9.48  7.97  
3.5 0.577 0.568 0.521 10.75  9.02  
4 0.644 0.633 0.578 11.42  9.52  
4.5 0.713 0.699 0.630 13.17  10.95  
5 0.788 0.768 0.678 16.22  13.27  
5 
0.2 0.229 0.210 0.201 13.93  4.48  
0.25 0.229 0.210 0.201 13.93  4.48  
0.33 0.229 0.210 0.200 14.50  5.00  
0.4 0.229 0.210 0.201 13.93  4.48  
0.5 0.229 0.210 0.201 13.93  4.48  
0.57 0.229 0.210 0.200 14.50  5.00  
0.66 0.229 0.211 0.200 14.50  5.50  
0.8 0.229 0.211 0.201 13.93  4.98  
1.5 0.285 0.282 0.263 8.37  7.22  
2 0.368 0.364 0.340 8.24  7.06  
2.5 0.447 0.443 0.413 8.23  7.26  
3 0.523 0.518 0.482 8.51  7.47  
3.5 0.597 0.591 0.547 9.14  8.04  
4 0.669 0.661 0.608 10.03  8.72  
4.5 0.740 0.731 0.667 10.94  9.60  
5 0.813 0.802 0.720 12.92  11.39  
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Table 3.6. Results for Case 1 (cu1/cu2 = 0.2) 
  = 15°  = 30°  = 45°  = 60°  = 75° 
N2c (LB) 0.42 0.495 0.517 0.542 0.587 
F (LB) 1.32 1.12 1.07 1.02 0.95 
N2c (UB) 0.406 0.478 0.498 0.517 0.56 
F (UB) 1.37 1.16 1.11 1.07 0.99 
N2c (LEM) 0.404 0.461 0.48 0.48 0.482 
F (LEM) 1.37 1.20 1.16 1.16 1.15 
 
 
Table 3.7. Factors of safety for Case 2 
  H = 3 m H = 4 m H = 5 m H = 6 m H = 7 m 
cu1/H 0.926 0.694 0.555 0.463 0.397 
N2c (LB) = 0.495 F (LB) 1.87 1.40 1.12 0.94 0.80 
N2c (UB) = 0.478 F (UB) 1.94 1.45 1.16 0.97 0.83 
N2c (LEM) = 0.461 F (LEM) 2.01 1.51 1.20 1.00 0.86 
 
 
Table 3.8. Results for Case 3 (cu1/cu2 = 0.8) 
  = 15°  = 30°  = 45°  = 60°  = 75° 
N2c (LB) 0.126 0.147 0.167 0.194 0.225 
F (LB) 3.52 3.02 2.66 2.29 1.97 
N2c (UB) 0.123 0.144 0.159 0.186 0.217 
F (UB) 3.61 3.08 2.79 2.39 2.05 
N2c (LEM) 0.123 0.142 0.152 0.173 0.217 
F (LEM) 3.61 3.13 2.92 2.57 2.05 
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Figure 3.1. Problem configuration for cohesive material filled on the purely 
cohesive soil 
 
(a) Upper bound 
 
(b) Lower bound 
Figure 3.2. Typical two dimensional finite element meshes and boundary 
conditions used in limit analysis  
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Figure 3.3. The chart solutions for   = 15°  
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Figure 3.4. The chart solutions for   = 30° 
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Figure 3.5. The chart solutions for   = 45°  
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Figure 3.6. The chart solutions for   = 60° 
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Figure 3.7. The chart solutions for   = 75°  
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Figure 3.8. The transition of UB plastic zones for   = 15° and d/H = 1.5  
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Figure 3.9. The transition of UB plastic zones for   = 15° and cu1/cu2 = 0.5  
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Figure 3.10. The transition of UB plastic zones for   = 30° and cu1/cu2 = 0.66 
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CHAPTER 4 APPLICATION OF ARTIFICIAL NEURAL NETWORK TO 
INHOMOGENEOUS SOIL SLOPE STABILITY ASSESSMENTS BASED 
ON FINITE ELEMENT LIMIT ANALYSIS METHODS 
 
Z. G. Qian, A. J. Li, W. C. Chen, A.V. Lyamin 
 
4.1 ABSTRACT 
Assessment of soil slope stability is a geotechnical problem for engineering designs. This study 
uses finite element upper bound (UB) and lower bound (LB) limit analysis methods (LA) to 
investigate inhomogeneous soil slope stability on the basis of conventional Mohr - Coulomb 
parameters. The observed differences between UB and LB solutions are within ± 2.5% or 
better. The obtained stability numbers are presented as inhomogeneous soil slope stability 
charts. In addition, the artificial neural network (ANN) is trained using the solutions to assess 
soil slope stability. Slope stability analysis using ANN can simplify evaluations, and the 
improvement leads to good accuracy. 
4.2 INTRODUCTION 
Slope stability problems (Bishop 1955; Griffiths and Lane 1999) are commonly considered in 
civil engineering projects and have been investigated for years (Lim et al. 2015). Previous 
studies have focused on safety, reliability, economics, failure mechanism, and remedial slope 
measures. Slopes can be classified into many types, such as cut, natural, and filled. Problems 
regarding filled slopes on two-layered undrained clay are commonly encountered in 
geotechnical engineering designs (Brandon et al. 2008; Lim et al. 2015). 
For civil engineers, performing numerical simulations is not always warranted or feasible due to 
time and cost constraints. Over the past few years, chart solutions have drawn attention from 
many investigators (Lim et al. 2015; Michalowski 2002; Qian et al. 2014; Baker et al. 2006). 
These solutions are convenient tools to determine the factor of safety (Lim et al. 2015; Qian et 
al. 2014). However, stability charts for filled slopes on inhomogeneous cohesive clay remain 
limited. Therefore, this study aims to investigate inhomogeneous undrained soil slope stability 
problems on the basis of the Mohr - Coulomb failure criterion (MC) (de Coulomb 1776; Mohr 
1914). The obtained results are presented in the form of soil slope stability charts. ANN has 
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recently been applied to many geotechnical engineering investigations (Shahin et al. 2001; 
Sakellariou and Ferentinou 2005; Li et al. 2016). This study adopts ANN to assess filled soil 
slope stability. It must be stressed that, chart solutions are limited because parameters cannot 
be fully matched during charts reading. Compared with chart reading, ANN estimates slope 
stability more conveniently than chart solutions do. Moreover, the solutions based on ANN are 
efficient and reliable. 
4.3 PREVIOUS STUDIES 
4.3.1 Slope stability analysis 
Limit equilibrium method (LEM), such as those proposed by Bishop (Bishop 1955) and Janbu 
(1956), are widely used to evaluate slope stability problems (Cheng et al. 2007; Li et al. 2016). 
LEM can provide the factor of safety (F) and is thus helpful to civil engineers when used to 
evaluate slope conditions. LEM is a statistical method based on a physical theory and presented 
as a translational collapse mechanism (Michalowski 1995). Therefore, the slip surface must be 
assumed prior to safety factor calculation. However, Li et al. (2012) indicated that solutions 
cannot be guaranteed when LEM is used. This statement was supported by the investigation of 
Qian et al. (2014). 
In the recent years, UB (Lyamin and Sloan 2002a; Krabbenhoft et al. 2005) and LB (Lyamin 
and Sloan 2002b) in LA have become popular approaches used in slope analyses. LA is based 
on two separate methods: UB that uses the theorem of kinematics (Lyamin and Sloan 2002a) 
and LB that considers the static theorem (Sloan 1988; Chen et al. 2008; Lyamin and Sloan 
2002b). LA method can generate failure mechanisms automatically (Krabbenhoft et al. 2005). 
Therefore, the drawback of the assumed failure surface in LEM can be avoided. In the past 
decades, most slope stability studies were based only on the UB method (Donald and Chen 
1997; Michalowski 2002; Chen et al. 2003; Han et al. 2012; Gao et al. 2013). UB based on the 
LA method alone usually cannot produce the true solution (Lim et al. 2016). 
4.3.2 Stability number and chart solutions 
The stability number was first proposed by Taylor (1937), who investigated uniform undrained 
slopes. In the recent years, other slope stability numbers have been developed, an example is 
the stability number investigated and presented as a set of stability charts based on two - layered 
undrained clay slopes ( Lim et al. 2015; Qian et al. 2014), as shown in Equation (4.1). Qian et 
Slope stability assessments considering material inhomogeneity 
 
90 
 
al. (2014) and Lim et al. (2015a) considered the effects of cu1/cu2 ratios, as shown in Figure 4 
1. The charts based on these stability numbers are inapplicable to the study of Taylor (1948). 
N2c = cu1/γHF                                                                                                                           (4.1) 
where  
N2c is the stability number for two-layered undrained slopes, cu1 is the undrained shear strength 
of the fill material, γ is the soil unit weight, H is the slope height, and F is factor of safety. 
Chart solutions have been widely used due to their convenience since the proposal of the first 
set of purely cohesive uniform slope stability charts by Taylor (1937). Chart solutions are 
simple methods of determining slope stability (Qian et al. 2014; Li et al. 2009). Gens et al. 
(1988) produced a set of 3D boundary effect stability charts on the basis of cohesive soils. 
Slope stability charts have drawn the attention of many investigators (Michalowski 2002; 
Michalowski and Martel 2011; Li et al. 2009; Li et al. 2010; Qian et al. 2014; Lim et al. 2015; 
Lim et al. 2015). A review of previous studies reveals, that existing chart solutions may not be 
applied to certain types of slopes, such as slopes with undrained material filled on 
inhomogeneous cohesive clay. 
4.3.3 Slope assessment using ANN 
ANN has recently been employed in many investigations to solve geotechnical engineering 
problems (Lee et al. 2003; Kuo et al. 2009; Cho 2009; Li et al. 2016; Sakellariou and Ferentinou 
2005). ANN is a mathematical model and a network used to simulate the human brain 
(Agatonovic-Kustrin and Beresford 2000). The ANN structure is composed of input, hidden, 
and output layers (Cho 2009), as shown in Figure 4.2. The neurons and weight connection in 
each layer directly affect the accuracy of ANN models. In Figure 4.2, n inputs (x1, x2, x3⋯ xn) 
are designed, and m outputs (y1, y2, y3 ⋯ ym) can be obtained. φ (.) is the activation transfer 
function with M (1, 2 ⋯ l, M) linear nodes in the hidden layer. The input weights are wij (i=1 
⋯ M and j=1 ⋯ n). The output weights are ij (i=1 ⋯ m and j=1 ⋯ M). Therefore, the input 
data vector x(k) and the output data vector y(k) can be expressed as Equations (4.2) and (4.3) 
respectively. 
𝑥(𝑘) = [𝑥1(𝑘) 𝑥2(𝑘) ⋯  𝑥𝑛(𝑘)]
𝑇                                                                                           (4.2) 
𝑦(𝑘) = [𝑦1(𝑘) 𝑦2(𝑘) ⋯  𝑦𝑚(𝑘)]
𝑇                                                                                             (4.3) 
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The output of the ith hidden neuron oi can be summarized as follows: 
𝑜𝑖 = 𝜑[∑ 𝑤𝑖𝑗𝑥𝑗(𝑘)
𝑛
(𝑗=1) ] =  𝜑 (𝑤𝑖
𝑇𝑥(𝑘)) for i = 1, 2, ⋯ M                                                    (4.4) 
where   
𝑤𝑖 = [𝑤𝑖1(𝑘) 𝑊𝑖2(𝑘) ⋯  𝑤𝑖𝑛(𝑘)]
𝑇 for i = 1, 2, ⋯ M and 𝜑(.) is the activation function 
In addition, the output of the neural network 𝑦𝑖(𝑘) can be expressed as: 
𝑦𝑖(𝑘) = ∑ 𝛼𝑗𝑖𝑜𝑗
𝑀
(𝑗=1) = ∑ 𝛼𝑗𝑖𝜑 (𝑤𝑗
𝑇𝑥(𝑘)) = 𝝃𝑇(𝑘)𝛼𝑖
𝑀
(𝑗=1)  for i = 1, 2, ⋯ m                            (4.5) 
where 
𝛼𝑖 = [𝛼1𝑖 𝛼2𝑖, ⋯ 𝛼𝑀𝑖] for i = 1, 2, ⋯ m 
𝝃(𝑘) = [𝜑(𝑤1
𝑇𝑥(𝑘)) 𝜑(𝑤2
𝑇𝑥(𝑘)) ⋯ 𝜑(𝑤𝑀
𝑇 𝑥(𝑘))]
𝑇
 
Based on Equations above, the vector y(k) can be expressed as: 
𝑦(𝑘) = [𝑦1(𝑘)𝑦2(𝑘) ⋯ 𝑦𝑚(𝑘)]
𝑇 = [𝝃𝑇(𝑘)𝛼1𝝃
𝑇(𝑘)𝛼2 ⋯ 𝝃
𝑇(𝑘)𝛼𝑚]
𝑇 = [𝝃𝑇(𝑘)𝛼 ]𝑇         (4.6) 
where 
𝛼 = [𝛼1 𝛼2, ⋯ 𝛼𝑚] 
Besides, N of training vectors x(1), x (2) ⋯ x (N) and output data vectors yd(1), yd(2) ⋯ yd(N) 
𝐺𝑎 = [
𝝃𝑇(1)
⋮
𝝃𝑇(𝑁)
] 𝛼 = [
𝑦𝑇(1)
⋮
𝑦𝑇(𝑁)
]                                                                                                   (4.7) 
Moreover, G as hidden layer output matrix cab be expressed as: 
𝐺 = [
𝜑(𝑤1
𝑇𝑥(1)) ⋯ 𝜑(𝑤𝑀
𝑇 𝑥(1))
⋮ ⋱ ⋮
𝜑(𝑤1
𝑇𝑥(𝑁)) ⋯ 𝜑(𝑤𝑀
𝑇 𝑥(𝑁))
]                                                                                 (4.8) 
After training process, G can be computed in a single iteration. 
𝛼 =  (𝐺𝑇𝐺) −1𝐺𝑇𝑌𝑑                                                                                                               (4.9) 
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𝑌𝑑 = [
𝑦𝑑
𝑇𝑥(1)
⋮
𝑦𝑑
𝑇𝑥(N)
]                                                                                                                   (4.10) 
ANN can learn from a set of data. It has the power to predict the output from a set of inputs 
once learning is successfully accomplished. However, a weakness of ANN analysis is data 
extrapolation. Therefore, the selected training data should fully cover the entire range of 
variables (Cho 2009). 
4.4 PROBLEM DEFINITION 
To simplify the problem, only plane strain cases are considered in this research. A 2D 
illustration of the investigated soil slope stability problem and the boundary conditions are 
shown in Figure 4.3. The slope geometry analyses for the filled soil slopes with two different 
layers are also displayed. The filled material and slope foundation are divided into two regions. 
The undrained shear strengths in Region 1 and Region 2 differ. The cohesive strength (cu1) in 
Region 1 is assumed to be a homogeneous material. cu2 is the undrained shear strength for the 
surface in Region 2. The ratio of cu1/cu2 is from 0.2 to 5. In addition, Z is the depth from the 
interface of Region 1 and Region 2. ρ is the rate of the linear increase in undrained shear 
strength with depth Z, and ρ ranges from 0 to 5.0. Soil slope angles ( range from 15° to 75°, 
and depth factors (d/H) range from 1.5 to 5. The range of slope parameter analyses is shown in 
Table 4.1. 
When presenting the final results using chart solutions, the dimensionless stability number 
(N2ci) is defined as shown in Equation (4.11). N2ci is observed using UB and LB methods. The 
obtained results, show that the differences between the two methods are less than ± 2.5%. 
N2ci = cu1 / γHF                                                                                                                    (4.11) 
As mentioned earlier, the ANN structure consists of input, hidden, and output layers. An 
extreme learning training machine (Huang et al. 2012) is adopted in this study for the network 
training, as shown in Figure 4.4. β, cu1/cu2, d/H, and  are selected as inputs of the ANN 
analysis, and N2ci is considered the output. Notably, N2ci in the training section is based on the 
average of UB and LB solutions. 
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4.5 RESULTS AND DISCUSSION 
4.5.1 LA results for stability number and stability charts 
The computed UB and LB estimates of average N2ci for slope  = 15° and d/H = 1.5 are shown 
graphically in Figure 4.5 (a). These results indicate that N2ci generally increases with the 
increase in the ratios of cu1/cu2 when cu1/cu2 ≥ 0.8. N2ci is inversely proportional to F. Therefore, 
a large value of N2ci means that the slope is critical. N2ci is nearly a constant when cu1/cu2 ≤ 0.8. 
The exceptions for  = 15° and d/H = 1.5 are only  from 0 to 1. As shown in Table 4.2, N2ci 
increases with the increase in d/H when d/H ≤ 3. Moreover, N2ci is nearly a constant when d/H 
≥ 3. Figure 4.5 (a) to (c) show the stability charts for the slope  = 15° and d/H from 1.5 to 3.0. 
For slopes with d/H ≥ 3, the chart solutions for d/H = 3 can be applied to the slope evaluations 
directly. Figure 4.5 (a) to (c) show that, N2ci increases with the decrease in  when cu1/cu2 ≥ 0.8. 
The chart solutions presented in Figures 4.6 to 4.9 show various slope inclinations and d/H 
ratios (β from 30º to 75º and d/H from 1.5 to 3.0). The similar trends for β are observed from 
30º to 75º. N2ci is can be assume as constant when cu1/cu2 ≤ 0.8 and ≥ 45o. Figures 4.5 to 4.9 
show that N2ci increases with the increase in β. 
Figure 4.10 (a) and (b) show that the failure surfaces for cu1/cu2 = 0.2 and cu1/cu2 = 0.5 are only 
limited in Region 1 when  = 0.25, d/H = 1.5, and = 15° - 45°. When cu1/cu2 = 0.8, the slip 
surface for = 15° and 30° can pass through Regions 1 and 2, as shown in Figure 4.10 (c). 
Figure 4.10 (d) shows that all slip surfaces for = 15°, 30°, and 45° pass through the soils in 
Regions 1 and 2. Therefore, for a gentle slope (= 15° to 30°), the ratio of cu1/cu2 generally 
exerts no influence on failure surfaces when cu1/cu2 is small (cu1/cu2 ≤ 0.5). In other words, the 
slopes can be treated as homogenous slopes when cu1/cu2 ≤ 0.5. The slope   45° presents the 
same phenomenon when cu1/cu2 ≤ 1.5. Qian et al. (2014) investigated two layered purely 
cohesive soil slopes and also obtained a similar result.  
For all slope angles, when cu1/cu2 ≥ 1.5, the depth of failure surfaces is nearly a constant when 
d/H ≥ 3, as shown in Figure 4.11 (a) and (b). Figure 4.11 shows the UB plastic zones for = 
15o or 60o, cu1/cu2 = 5.0,  = 1.5 and d/H = 1.5, 3 or 5.0. The influence of the d/H ratio on slope 
stability is significant when d/H ≤ 3. A similar phenomenon was observed by Yu et al. (1998) 
and Li et al (2009; 2010), who examined purely cohesive slopes with undrained shear strength 
increasing with depth. Figures 4.5 to 4.9 show that  affects the assessment of slope stability. 
This phenomenon is obvious when  is small. Table 4.3 shows N2ci for different  values. The 
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examples selected in Table 4.3 are based on = 75o, d/H = 3, and cu1/cu2 = 3. The difference in 
N2ci between  = 4.0 and  = 5.0 is approximately 2.17%, which is only a slight change. 
However, the difference in N2ci between  = 0.25 and  = 0.75 is 14.04%, which is significantly 
larger than that for  = 4.0 and  = 5.0 (i.e., 2.17%). Figure 4.12 shows the observations of the 
slopes for = 45°, d/H = 2, cu1/cu2 = 1.5, and  = 0.25, 0.75, and 1.5. The depth of the failure 
surface decreases with the increase in . 
4.5.2 Comparison of results with LEM 
LA methods can bracket the true solutions only between LB and UB. This section compares 
the results obtained from LEM and LA on the basis of the MC failure criterion. The LEM 
results in this study are based on the simplified 2D Bishop method (Bishop 1955) and Janbu 
method (Janbu 1973). The soil profile of the analysed slope based on LEM is divided into two 
regions. Region 1 is the filled material, and Region 2 is divided into many layers. cu2 linearly 
increases with Z because the slope profile is based on inhomogeneous soil slope, which 
considers different values of , as shown in Figure 4.3. Figure 4.13 displays the difference in 
N2ci between the two methods when β = 15o or 60o,  = 0.5, and cu0/cu1 = 5.0, and the values of 
d/H are between 1.5 and 5. The results show that the N2ci values obtained from LEM (Bishop 
and Janbu) are smaller than the LA results. The results obtained from LEM are close to the UB 
results when the slope is gentle (β = 15o), as shown in Figure 4.13 (a). A Significant difference 
in N2ci between LEM and LA is observed when β increases to 60o, as shown in Figure 4.13 (b). 
Notably, this phenomenon becomes obvious when  increases. The outcome implies that the F 
of the soil slope is overestimated when LEM is employed.  
In addition, failure surfaces are investigated using the LEM solutions. The cases selected are 
= 15° or 60°, d/H = 2,  = 0.5, and cu1/cu2 = 0.2, 0.8, or 3.0. A comparison of failure surfaces 
with different values of the cu1/cu2 ratio and  is shown in Figure 4.14. These failure surfaces 
are plastic zones obtained from UB, and these UB plastic zones can be considered the slope 
failure mechanisms. The failure mode based on LEM (both Bishop and Janbu) and LA is 
general similar. The results indicate that the failure surface based on the Janbu method is 
slightly larger than that based on the Bishop method. 
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4.5.3 Comparison of results with two-layered purely cohesive soil slopes 
In this section, the results obtained in this study and results of previous chart solutions based 
on two - layered purely cohesive soil slopes (Qian et al. 2014) are compared. The foundation 
material was considered a uniform layer ( = 0) in the study of Qian et al. (2014). Several cases 
are selected and the details are provided in Table 4.4. The results in Table 4.4 show that the 
consideration of  significantly affects the assessment of slope stability when the ratio of cu1/cu2 
is sufficiently large (cu1/cu2 ≥ 0.8). Moreover, N2ci based on  = 0.25 is similar to N2c when d/H 
≤ 1.5. 
Table 4.4 shows that the difference between N2ci and N2c significantly increases when the d/H 
ratio and  increase. The difference in N2ci between  = 0 and  = 0.25 is over 30% when  = 
15°, d/H = 5, and cu1/cu2 = 5. Figure 4.15 presents the slopes with  = 45°, cu1/cu2 = 1.5, d/H = 
1.5, and various  values. Figure 4.15 (a) shows that the slope failure mechanism passes 
through the soils in Regions 1 and 2. However, the soil strength in Region 2 increases. The 
failure surface is controlled by the soil in Region 2, as shown in Figure 4.15 (b) and (c). For  
= 5, the soil in Region 2 acts similar to a rigid layer, as shown in Figure 4.15 (c). 
4.5.4 ANN training and validation analysis 
As previously discussed, this study produces slope stability charts by adopting  = 15°, 30°, 
45°, 60°, and 75°. However, manual estimation of chart solutions is required, such as  = 43°. 
Thus, this study also proposes slope stability analysis based on ANN. ANN in this research 
should be trained as an evaluation package based on the MC failure criterion. ANN can then 
be used to assess slope stability. The results based on ANN are presented in the form of stability 
numbers (NANN). Therefore, this research selects , the ratio of cu1/cu2, depth factor, and  as 
the training inputs, and NANN is used as the training output. The data based on the average N2ci 
of UB and LB are also randomly selected.  
Recent investigations have shown that a total of 200 hidden nodes are considered in ANN to 
build a continuous differentiable that can map the inputs to the outputs (Huang et al. 2006, Li 
et al. 2016). The input weights are generated randomly within [- 1.1], and the sigmoid function 
can be written as Equation (4.12).  
φ(t) =
1
1+exp (−τ)′
                                                                                                             (4.12) 
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The above - mentioned equation is continuously differentiable and used as the nonlinear 
activation function of the hidden nodes. 
The ANN training results (NANN) are compared with the actual data for the slope stability 
assessment (N2ci), as shown in Figure 4.16, where NANN is well trained. The ranges for ANN 
analysis include from 15° to 75°, cu1/cu2 from 0.2 to 5, depth factor from 1.5 to 5, and  from 
0 to 5.0. Another 800 validation data sets (20% of the trained data) are used to verify the 
performance of the trained ANN. The results of the 800 validation data sets also highly agree 
with the real data (N2ci), as shown in Figure 4.17. In addition, a previous study based on two - 
layered purely cohesive soil slopes (Qian et al. 2014) is also considered to obtain a complete 
set of evaluation packages. 
4.5.5 Application of ANN to fill slope stability assessments 
This section uses a few assumed cases to verify the accuracy of the trained ANN. The case 
studies consider the range of cu1/cu2 from 0.2 to 5, d/H from 1.5 to 5,  from 0 to 5.0, and β 
from 15 to 75. All presented case studies are disregarded in the previous training of the network. 
= 15 kN/m3 is assumed for all case studies. The assumed parameters are shown in Table 4.5. 
NANN can be obtained with the ANN approach, and N2ci can be calculated using the chart 
solutions. The different results between ANN and stability charts are shown in Table 4.6. The 
results show that, F based on NANN is close to F based on the chart solutions. For example, the 
F values calculated based on NANN in Cases 3, 5, and 8 are exactly the same as the F values 
obtained through chart reading. The maximum F difference between ANN and stability charts 
is only 4.4 %. The poor prediction for N2ci may be caused by chart reading. Thus, the above-
mentioned case studies show that the application of ANN to soil slope stability analysis 
provides high accuracy. This approach is a convenient means of preliminary slope stability 
evaluations by engineers. 
4.6 CONCLUSION 
This study uses UB and LB methods to assess the stability of a fill soil slope composed of an 
inhomogeneous cohesive soil foundation. The true solutions between UB and LB for all the 
results are bracketed within ± 2.5% or better. This study applies ANN to reduce the works of 
manually estimating chart solutions. The results based on ANN training are highly accurate. 
The following conclusions are obtained: 
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When cu1/cu2 ≥ 0.8 and d/H ≤ 3, N2ci increases with the increase in β, the ratios of cu1/cu2, and 
the ratios of d/H. In addition, N2ci increases with the reduction in .  substantially affects the 
assessment of slope stability. However, the ratio of cu1/cu2, the ratio of d/H, and  generally 
exert no influence on N2ci when cu1/cu2 ≤ 0.8. 
The UB plastic zones show that the failure surface is limited to a certain depth in Region 2 
when  is large and cu1/cu2 ≥ 1.5. In addition, d/H may affect the failure surfaces, but the depth 
of failure surfaces is generally unchanged when d/H ≥ 3 and cu1/cu2 ≥ 0.8. The slope failure 
surfaces for cu1/cu2 ≤ 0.8 may only occur in the top layer of the soil slope. Therefore, the slope 
can be treated as homogenous slopes. 
The N2ci values obtained from LEM are smaller than those from UB and LB. Therefore, the 
factor of safety for slope stability designs may be overestimated. The predetermined failure 
surface in LEM may not be always adequate to assess the filled slopes investigated in the 
present study. 
The results obtained from the ANN training package can directly estimate N2ci accurately and 
effectively. The investigations in this research demonstrate that the ANN training package is a 
convenient tool for the preliminary design of slope stability.  
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4.8 APPENDIX 
Table 4.1. Parameters investigated in this research 
cu1/cu2 0.2, 0.25, 0.33, 0.4, 0.5, 0.57, 0.66, 0.8, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5 
d/H 1.5, 2, 3, 4, 5 
 0, 0.25, 0.5, 0.75, 1, 1.5, 2.0, 3.0, 4.0, 5.0 
β 15°, 30°, 45°, 60°, 75° 
 
Table 4.2. The relationship between slope stability and d/H 
  cu1/cu2 
N2ci  N2ci  N2ci  N2ci  N2ci  
d/H = 1.5 d/H = 2.0 d/H = 3.0 d/H = 4.0 d/H = 5.0 
15° 
0.25 
0.8 0.102 0.108 0.11 0.11 0.11 
2.5 0.218 0.266 0.287 0.288 0.288 
5.0 0.305 0.404 0.485 0.489 0.489 
0.75 
0.8 0.091 0.091 0.091 0.092 0.092 
2.5 0.202 0.222 0.224 0.225 0.225 
5.0 0.285 0.350 0.372 0.373 0.374 
1.50 
0.8 0.089 0.089 0.089 0.089 0.089 
2.5 0.181 0.184 0.185 0.185 0.185 
5.0 0.262 0.294 0.296 0.297 0.297 
 
Table 4.3. The relationship between slope stability and  
 d cu1/cu2 
N2ci  N2ci  N2ci  N2ci  N2ci  N2ci  
 = 0.25  = 0.75  = 1.5  = 3.0  = 4.0  = 5.0 
15° 
1.5 
0.8 0.102 0.091 0.089 0.089 0.089 0.089 
1.5 0.160 0.146 0.128 0.110 0.107 0.107 
3 0.240 0.223 0.202 0.170 0.157 0.150 
3 
0.8 0.110 0.091 0.089 0.089 0.089 0.089 
1.5 0.189 0.151 0.128 0.110 0.107 0.106 
3 0.332 0.257 0.209 0.170 0.157 0.150 
75° 
1.5 
0.8 0.221 0.221 0.221 0.221 0.221 0.221 
1.5 0.249 0.240 0.235 0.232 0.231 0.230 
3 0.356 0.335 0.310 0.285 0.276 0.270 
3 
0.8 0.221 0.221 0.221 0.221 0.221 0.221 
1.5 0.250 0.241 0.236 0.232 0.231 0.230 
3 0.399 0.343 0.311 0.285 0.276 0.270 
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Table 4.4. The relationship between two layered purely cohesive soil slopes and  
 d/H cu1/cu2 
N2ci 
( = 0) 
N2ci 
( = 0.25) 
N2ci 
( = 0.75) 
N2ci 
( = 1.5) 
The difference 
between N2c and N2ci 
( = 0.25) 
15 
1.5 0.5 0.0885 0.0885 0.0885 0.0885 0.0 % 
5 0.5 0.0930 0.0886 0.0885 0.0885 4.7 % 
1.5 2 0.1995 0.1918 0.1761 0.1567 3.8 % 
2 2 0.253 0.2257 0.1880 0.1570 10.8 % 
5 2 0.3395 0.2409 0.1897 0.1582 29.0 % 
1.5 5 0.3125 0.3048 0.2849 0.2620 2.5 % 
2 5 0.4375 0.4039 0.3499 0.2940 7.7 % 
5 5 0.7525 0.4892 0.3736 0.2973 35.0 % 
75 
1.5 0.8 0.2210 0.2210 0.2210 0.2210 0.0 % 
5 0.8 0.2200 0.2210 0.2210 0.2210 0.4 % 
1.5 2 0.3020 0.2905 0.2734 0.2596 3.8 % 
2 2 0.3270 0.3000 0.2740 0.2600 8.3 % 
5 2 0.3660 0.3005 0.2741 0.2601 17.9 % 
1.5 5 0.5115 0.4871 0.4475 0.4053 4.8 % 
2 5 0.6300 0.5721 0.4899 0.4166 9.2 % 
5 5 0.8075 0.6078 0.4946 0.4165 24.7 % 
 
Table 4.5. Summary of slope data from cases studies 
Case H (m) β cu1 (kN/m2) cu2 (kN/m2) d/H  
1 22 17 30 37.5 1.5 0 
2 18 28 42 28.0 2 0.25 
3 35 30 38 15.2 5 0.75 
4 27 45 20 11.1 4.3 0.9 
5 41 32 22 12.9 1.9 1 
6 15 35 30 15.0 1.5 1.5 
7 19 20 28 7.0 2.8 0 
8 25 45 36 12.0 5 1 
9 16 15 27 6.0 4 0.25 
10 20 60 40 12.3 4.3 1.5 
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Table 4.6. Summary of F calculated by using NANN and N2ci 
Case cu1/H cu1/cu2 N2ci 
F 
(Chart solution) 
NANN 
F 
(ANN) 
F difference 
(%) 
1 0.09 0.8 0.120 0.758 0.117 0.777 2.50 
2 0.16 1.5 0.209 0.744 0.210 0.741 0.48 
3 0.07 2.5 0.265 0.273 0.265 0.273 0.00 
4 0.05 1.8 0.231 0.214 0.226 0.219 2.16 
5 0.04 1.7 0.200 0.179 0.200 0.179 0.00 
6 0.13 2.0 0.212 0.629 0.214 0.623 0.94 
7 0.10 4.0 0.500 0.196 0.522 0.188 4.40 
8 0.10 3.0 0.300 0.320 0.300 0.320 0.00 
9 0.11 4.5 0.450 0.250 0.453 0.248 0.67 
10 0.13 3.3 0.310 0.430 0.309 0.431 0.32 
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Figure 4.1. The model based on the research of Qian et al. (2014) and Lim et al. 
(2015a) 
 
 
Figure 4.2. ANN based on single hidden layer neural network (Li et al. 2016) 
 
 
Figure 4.3. cu2 linearly increased based on  in Region 2 for purely soil material 
filled on inhomogeneous cohesive soil  
 
 
Figure 4.4. The trained ANN inputs forward and inverse to the outputs  
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Figure 4.5. LA solutions of stability numbers for   = 15° 
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Figure 4.6. LA solutions of stability numbers for   = 30° 
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Figure 4.7. LA solutions of stability numbers for   = 45° 
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Figure 4.8. LA solutions of stability numbers for   = 60°  
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Figure 4.9. LA solutions of stability numbers for = 75° 
 
 
(a) cu1/cu2 = 0.2 
 
(b) cu1/cu2 = 0.5 
 
(c) cu1/cu2 = 0.8 
 
(d) cu1/cu2 = 1.5 
Figure 4.10. Transition of UB plastic zones for  = 0.25, = 15°, 30° and 45° 
and d/H = 1.5 
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(a) d/H = 1.5, 3 and 5.0 for = 15° 
 
(b) d/H = 1.5, 3 and 5.0 for = 60° 
Figure 4.11. Transition of UB plastic zones for  = 1.5 and cu1/cu2 = 5.0 
 
 
Figure 4.12.  UB plastic zones for different  (0.25, 0.75 or 1.5) when = 45°, 
d/H = 2 and cu1/cu2 = 1.5 
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Figure 4.13. Stability number difference based on different method  
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(a) = 15°, d/H = 2, cu1/cu2 = 0.2 and  = 0.5 
 
(b) = 15°, d/H = 2, Cu0/Cu1 = 0.8 and  = 0.5 
 
(c)= 15°, d/H = 2, cu1/cu2 = 3.0 and  = 0.5 
 
(d) = 60°, d/H = 2, cu1/cu2 = 0.2 and  = 0.5 
 
(e) = 60°, d/H = 2, cu1/cu2 = 0.8 and  = 0.5 
 
(f) = 60°, d/H = 2, cu1/cu2 = 3.0 and  = 0.5 
Figure 4.14. Comparisons of slope failure mechanisms between UB and the LEM 
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(a)= 45°, d/H = 1.5, cu1/cu2 = 1.5 and  = 0.25 
 
(b)= 45°, d/H = 1.5, cu1/cu2 = 1.5 and  = 1.50 
 
(c) = 45°, d/H = 1.5, cu1/cu2 = 1.5 and  = 5.00 
Figure 4.15. Comparisons slope failure mechanisms for different  
 
 
Figure 4.16.  Results of ANN slope stability trained with 3200 data set ( from 0 
to 1.5) 
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Figure 4.17. Results of ANN slope stability trained validation data with 800 data 
set ( from 0 to 1.5) 
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CHAPTER 5 PARAMETRIC STUDIES OF DISTURBED ROCK SLOPE 
STABILITY BASED ON FINITE ELEMENT LIMIT ANALYSIS 
METHODS 
 
Z. G. Qian, A. J. Li, A.V. Lyamin, C. C. Wang 
 
5.1 ABSTRACT 
This study employs the finite element upper bound and lower bound limit analysis methods to 
investigate the stability of inhomogeneous rock slopes. The differences in the stability numbers 
of the upper and lower bound solutions are bracketed within ± 10.5% or better, and the stability 
numbers obtained are presented in rock slope stability charts. These stability charts can provide 
a convenient tool for preliminary stability designs of inhomogeneous rock slopes. Various 
recommended blasting damage zones are considered, and disturbance factors are used to 
represent damage levels. Results showed that rock mass disturbance could significantly 
influence the evaluation of rock slope stability.  
5.2 INTRODUCTION 
The stability of rock slopes has long been regarded as a classic and difficult problem for 
geotechnical engineers because rock masses are heterogeneous, discontinuous media 
composed of rock materials and naturally occurring discontinuities, such as joints, fractures, 
and bedding planes. Over the past few years, many investigators have evaluated rock slope 
stability, thereby developing many new methods for meeting engineering requirements, such 
as the limit equilibrium method (Bishop 1955; Chang 2002; Saade et al. 2016), the finite 
element method (Yao et al. 2007; Mahtab and Goodman 1970; Hammah et al. 2004; Shen et 
al. 2013) and the limit analysis methods (Lyamin and Sloan 2002; Lyamin and Sloan 2002). In 
the assessment of rock slope stability, the use of rock mass parameters directly from a nonlinear 
failure envelope is known to yield a highly accurate safety factor. As indicated by Merifield et 
al. (2006), the Hoek-Brown failure criterion Hoek et al. (2002) is one of the most widely 
accepted method for evaluating rock slope stability. This criterion features a nonlinear failure 
envelope, which was first proposed for estimating the strength of heavily jointed rock masses 
Hoek and Brown (1998a). 
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As design tools, slope stability charts have also drawn the attention of many investigators 
(Taylor 1937; Baker et al. 2006; Li et al. 2008,2011). In essence, chart solutions can facilitate 
the evaluation of slope stability and provide meaningful feedback, such as safety factors. In 
1937, Taylor proposed the first set of stability charts for purely cohesive uniform soil slopes 
(Taylor 1937). These chart solutions have since been extended to account for different 
materials and loading types (Li et al. 2008; Huat et al. 2006; Taheri and Tani 2010; Yu et al. 
1998; Michalowski 2002). However, most existing stability charts are designed exclusively for 
soil slopes and are based on the conventional Mohr - Coulomb equivalent parameters.  
Stability charts today rarely use rock strength parameters on the basis of a nonlinear failure 
criterion. In particular, no comprehensive stability chart is available for inhomogeneous rock 
slopes by considering varying rock mass disturbance in a slope. Therefore, the aim of the 
present study is to investigate the influence of rock mass disturbance caused by blasting on the 
assessment of rock slope stability. The obtained results are presented in the form of stability 
charts which are useful tools for preliminary designs. The finite element upper bound (UB) and 
lower bound (LB) limit analysis (LA) methods (Lyamin and Sloan 2002; Lyamin and Sloan 
2002; Krabbenhoft et al. 2005) based on the Hoek–Brown failure criterion are employed in this 
study. 
5.3 PREVIOUS STUDIES 
5.3.1 Applicability of the generalised Hoek - Brown failure criterion 
The Hoek - Brown failure criterion has been applied to a large number of projects around the 
world Hoek et al. (2002). The Hoek - Brown failure criterion is one of the few nonlinear criteria 
used to estimate rock mass strength and determine the nonlinear characteristics of strength 
envelopes (Merifield et al. 2006; Zhao 2000). In 1974, Hoek and Bray published the first 
edition devoted to rock slopes. In 1980, the original Hoek-Brown failure criterion was 
developed and published (Hoek and Brown 1980b,1980). In fact, there is no suitable methods 
are persented to estimating rock mass strength. In 1981, Hoek and Bray introduced a non - 
linear failure criterion. In addition, the design charts were presented to extend Taylor (Taylor 
1948) design charts including the influence of critical tension crack and of groundwater. In the 
same book, the blasting effects on rock structure were also introduced. However, in the 80s of 
the last century, the software investigating rock slopes are all based on Mohr Coulomb 
criterion. Therefore, in 1983, Hoek persented the relationship between non-linear rock material 
constants and the Mohr-Coulomb criterion. It can transformed the rock parameters into soil 
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parameters as software inputs (Sarma 1979). In 1992, both failure criterion for intact rock and 
jointed rock mass have been developed (Hoek et al. 1992). The modified Hoek Brown criterion 
considered zero tensile strength for poor rock masses. It put the research project from the just 
theory of intact rock analysis into more meaningful jointed rock mass practical engineering 
applications. In 1995, Hoek suggested that use original Hoek Brown criterion to analysis 
quality rock masses and use modified Hoek Brown criterion for poor rock masses analysis. 
Besides, Hoek et al. (1995) start to considered a new concept named Geological Strength Index 
(GSI). In 1997, the Hoek - Brown failure criterion was expanded and integrated with the GSI 
(Hoek and Brown 1997). The latest version of the Hoek - Brown failure criterion is expressed 
as the Equations (5.1 - 5.4).  
𝜎1
′ = 𝜎3
′ +  𝜎𝑐𝑖 (𝑚𝑏
𝜎3
′
𝜎𝑐𝑖
+ 𝑠)
𝑎
                                                                                                  (5.1) 
where: 
𝑚𝑏 =  𝑚𝑖 exp (
GSI−100
28 − 14𝐷
)                                                                                                         (5.2) 
𝑠 = exp (
GSI−100
9 − 3𝐷
)                                                                                                                   (5.3) 
𝑎 =  
1
2
+
1
6
 (𝑒−GSI/15 − 𝑒−20/3)                                                                                            (5.4) 
ci is the uniaxial compressive strength. These equations show that mb, s and a are all dependent 
on the GSI Marinos et al. 2007. 
GSI was introduced to estimate rock mass strength under different geological conditions 
because of the fact that Bieniawski’s rock mass rating system (Bieniawski 1976) and the Q - 
system (Barton 2002) were determined to be unsuitable for extremely poor rock masses (Hoek 
and Brown 1997; Hoek and Kaiser 1995; Hoek and Marinos 2007). In general, a larger GSI 
indicates the good quality of rock masses. A new parameter, called the disturbance factor (D), 
is introduced to deal with rock mass disturbance cited by Hoek et al. (2002), such as blasting 
damage. The magnitude of D is determined on the basis of engineering experiences. The value 
of D ranges from 0 for undisturbed in situ rock masses to 1 for disturbed rock mass properties 
(Hoek et al. 2002). As expected, rock masses slopes subjected to good blasting achieve higher 
rock mass strength compared with seriously disturbed rock mass slopes. Hoek (2012) 
highlighted that a constant D applied to an entire rock mass could significantly underestimate 
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the strength and stability of the overall rock mass. Therefore, D should only be applied to actual 
damaged zone.  
5.3.2 Mohr - Coulomb failure criterion 
The Mohr-Coulomb failure criterion is a linear equation, as shown in Figure 5.1 (Labuz and 
Zang 2015). Following Hoek et al. (2002), the equivalent Mohr - Coulomb strength parameters 
ϕ′ and c′ are expressed as Equations (5.5 and 5.6). Most geotechnical software programs are 
written in terms of the Mohr - Coulomb failure criterion (Li et al. 2008; Hoek 1990). Therefore, 
for the analysis of rock slope stability, the equivalent values of ϕ′ and c′ must be evaluated on 
the basis of rock strength parameters, which could affect the accuracy of the results. 
ϕ′ =  sin−1[ 
6 𝛼 𝑚𝑏 (𝑠+  𝑚𝑏 𝜎3𝑛
′ )
𝛼−1
2 (1+𝛼)(2+𝛼)+6 𝛼 𝑚𝑏 (𝑠+ 𝑚𝑏 𝜎3𝑛
′ )
𝛼−1]                                                                      (5.5) 
c′ =
  𝜎𝑐𝑖 [ (1+2𝛼) 𝑠+(1−𝛼) 𝑚𝑏 𝜎3𝑛 
′ ] (𝑠+ 𝑚𝑏 𝜎3𝑛
′ )  𝛼−1   
(1+𝛼)(2+𝛼)√1+ 
 6 𝛼 𝑚𝑏(𝑠+𝑚𝑏𝜎3𝑛
′ )𝛼−1 
(1+𝛼)(2+𝛼)
   
                                                                     (5.6) 
where 
𝜎3𝑛
′ = 𝜎3𝑚𝑎𝑥
′ /𝜎𝑐𝑖                                                                                                                   (5.7) 
𝜎3𝑚𝑎𝑥
′ = 0.72 𝜎𝑐𝑚
′   [
 𝜎𝑐𝑚
′
γH
]
−0.91
                                                                                              (5.8) 
𝜎𝑐𝑚
′  =  𝜎𝑐𝑖
(𝑚𝑏+4𝑠−𝛼(𝑚𝑏−8𝑠)) (
𝑚𝑏
4
+𝑠)𝛼−1
2 ( 1+𝛼)( 2+𝛼)
                                                                                        (5.9) 
H is the slope height,  is the material unit weight, and 𝜎𝑐𝑚
′  is the compressive strength of the 
rock mass.  
5.3.3 Stability number and stability charts 
The results obtained in this study for inhomogeneous rock slopes are presented using a 
dimensionless stability number, Ni, the definition of which is shown in Equation (5.10). The 
form of Equation (5.10) is the same as that proposed by Li et al. (2008), but the results obtained 
in the  present study are different because of the different property inputs for the rock masses.  
Ni =  𝜎𝑐𝑖/γHF                                                                                                                        (5.10) 
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where 
F is the safety factor. 
The results obtained in this study are presented in the form of stability charts. Such chart 
solutions are regarded as convenient tools that facilitate the process of determining safety 
factors. In fact, most slope stability charts still require Mohr - Coulomb strength parameters as 
inputs (Taheri and Tani 2010; Zanbak 1983). Only a few stability charts are based on rock mass 
parameters (Li et al. 2008; Li et al. 2009). A review of the literature revealed that the evaluation 
of rock slope stability using soil parameters fails to consider the non - linear nature of rock 
mass failure envelope (Fu and Liao 2010). Therefore, this study is focussed on the assessment 
of inhomogeneous rock slope stability on the basis of the Hoek-Brown failure criterion. 
5.3.4 Limit analysis of rock slope stability 
The limit equilibrium method (LEM) is the most well - known approach used to deal with slope 
stability problems (Cassidy et al. 2008; Duncan et al. 2008). Based on physical theory 
(Michalowski 1995), a slope is divided into several slices, each of which is assumed to be 
purely based on the principles of statics. The failure surface must be assumed before the safety 
factor is calculated. The results become inaccurate as the critical slip surface is assumed. The 
literature review revealed that not many studies use Hoek - Brown material parameters in rock 
slope analysis based on the LEM (Xie et al. 2006; Lin et al. 2014). For the past few years, LA 
based on UB and LB have been proven to be robust and efficient in estimating the strength of 
rock slopes (Loukidis et al. 2003).  
LA is based on two separate methods, namely, the UB analysis that uses the theorem of 
kinematics and the LB analysis that considers the static theorem. For the UB theorem, the 
power dissipated by any kinematically admissible velocity field is assumed to be equal to the 
power dissipated by the external loads (Lyamin and Sloan 2002a). LB analysis is based on 
plasticity theory that considers stress distribution, which maximizes the intensity of a 
predefined external load distribution, in this case, stress satisfies a statically equilibrium 
equation (Sloan 1988; Chen et al. 2008; Lyamin and Sloan 2002). LA methods (Lyamin and 
Sloan 2002a; Krabbenhoft et al. 2005) can generate the failure mechanisms automatically. 
Therefore, the drawback of the assumed failure surface in the LEM can be avoided. The results 
also become increasingly reliable when UB and LB are employed. As indicated by Li et al. 
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(2009), the safety factor is overestimated (> 10%) according to the comparison of UB solutions. 
In the present study, both of the UB and LB are adopted.  
5.4 PROBLEM DEFINITION 
As indicated by Hoek et al. (2002), rock mass disturbance should be considered because of its 
significant influence on the evaluation of rock slope stability. In the present study, rock mass 
disturbance caused by blasting is considered by using the disturbance factor D. As shown in 
Figure 5.2, a rock slope is divided into two regions to account for the damage zone. Region 1 
is the disturbed zone caused by surface blasting; its shape is subjectively determined on the 
basis of the study of Hoek and Karzulovic (2000). It should be noted that this study consider 
all rock slopes as simple slopes. Therefore, the stability charts might give lead to certain 
difference for a slope with very complex geometries.  
Recent investigations showed that the damage zone thickness (T) may surround the excavation 
perimeter to a depth of approximately 2 meters Chen and Liu 2012 to 100 meters or more 
behind the excavated slope face (Marinos et al. 2005). In fact, T is influenced by the design of  
the blast, such as blasting control and scale (Hoek and Karzulovic 2000). Region 2 in Figure 
5.2 is the undisturbed rock mass, for which D = 0 is adopted. According to the study of Hoek 
and Karzulovic (2000), T ranges from 0.5 H to 2.5 H. This range is considered in the present 
study. 
According to Hoek (2012), assigning only a constant D to a rock slope would be inappropriate. 
Therefore, varying disturbance factor in a slope is taken into consideration for the Region 1 in 
Figure 5.2. A simple variation in the disturbance factor, which decreases linearly with increase 
in depth, is adopted in this study. D0 represents the rock mass disturbance on the excavated 
slope surface. In this study, D0 is assumed to be either 1.0 or 0.7. The magnitude of D0 adopted 
in this study is based on the proposal of Hoek et al. (2002). Accordingly, a range of parameters 
shown in Table 5.1 is analysed. It should be noted that only GSI = 50 - 90 is considered in this 
study because blasting is generally unnecessary in excavating rock masses with GSI ≤ 50 
(Tsiambaos and Saroglou 2010). 
By using LA methods, it is expected the true solutions bracketed within a small range. The 
mesh must be redefined to achieve this expectation. However, the general mesh arrangement 
for a slope with uniform rock messes could not yield satisfactory results, particularly for steep 
slopes (β ≥ 60°). The results of UB and LB modelling tend to be increasingly sensitive as slope 
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angle increases. In general, conducting fine mesh analyses could lead to highly accurate results. 
Therefore, significant refinement is needed, but such solution increases computation time. In 
this study, the mesh arrangements (UB and LB) are selected only after considerable 
refinements are made.  
5.5 RESULTS AND DISCUSSIONS 
5.5.1 LA solutions  
The obtained average stability numbers (Ni) for β = 15º are shown in Figures 5.3 where includes 
a range of damage zone thickness (T), GSI, mi and D0. In Figures 5.3, Ni increases as GSI 
increases and mi decreases. A comparison of different D0 values in Figure 3 indicates that Ni 
increases while D0 increases. The same result can be obtained by comparing Table 5.2 and 5.3. 
For the inclinations of the other slopes (β = 30º - 75º), the average chart solutions are presented 
in Figures 5.4 to 5.7, which also show the trends observed for β = 15º. As expected, the 
observed phenomena are similar to the findings of Li et al. (2008, 2011), who investigated 
homogeneous rock slopes.  
The differences in the stability numbers of the UB and LB solutions for β ≤ 60º are bracketed 
within ±10% or better. However, the differences in the UB and LB results for β = 75º are 
difficult to maintain within ± 10% (i.e. ± 10.5%). When β = 75º, 19.4% UB and LB solutions 
show differences range from ± 10% to ± 10.5%. The mesh arrangement is observed to be 
sensitive to the results obtained, particularly the larger slope inclinations (β ≥ 60º). It should 
be noted that all the differences between the UB and LB solutions are bracketed within ±10.5% 
in this study.  
As shown in Tables 5.2 and 5.3, when β increases, the difference in Ni of GSI = 50 and GSI = 
90 increases. For example (Table 5.2), Ni for GSI = 50 is approximately 4 times that for GSI = 
90 when β = 15º, whereas Ni for GSI = 50 is approximately 13 times that for GSI = 90 when β 
= 75º. The difference in Ni of β = 15º and β = 75º increases with the increase in D0. The same 
trend is depicted in Figures 5.8 and 5.9. When GSI = 50 for D0 = 0.7 (Table 5.2), Ni for β = 75º 
is approximately 50 times that for β = 15º. However, when D0 = 1.0, Ni for β = 75º (table 5.3) 
is approximately 65 times that for β = 15º. This trend declines with the increase in GSI. Tables 
5.2 and 5.3 also show that, for a given β, mi and T, the difference in Ni of D0 = 1.0 and 0.7 
becomes significant when GSI decreases. For GSI = 50, Ni in Table 5.3 is larger than that in 
Table 5.2. The difference for β = 75º is approximately 50%. However, the maximum difference 
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is reduced to only 5% while GSI = 90. This result implies that the magnitude of D0 could 
significantly influence the estimations of rock slope stability.  
Figure 5.10 shows that Ni decreases as T decreases. This result implies that a large damage 
zone reduce the safety factor, as expected. The Figure also shows a slight change in Ni between 
T = 1.0 H and T = 2.5 H. This phenomenon is more evident when the slope is steep. The 
difference in Ni observed between T = 1.0 H and T = 1.5 H for 60
o is 7.72% which is less than 
that for 30o (i.e. 19.5%).  
A comparison of failure surfaces for different T values is shown in Figures 5.11, which also 
presents the UB plastic zones. These UB plastic zones can be viewed as the rock slope failure 
mechanisms (Sloan 2013; Lim et al. 2016). For the slope failure mode, no significant trends 
can be deduced from the results when the values of T are changed. However, the failure surface 
for T = 0.5H is slightly smaller than that for T = 1.5H and T = 2.5H, particularly for the slope 
crest. Figure 5.12 displays several observed UB plastic zones for different slope angles given 
D0 = 1.0, GSI = 60, mi = 20 and T = 0.5 H. The results indicate that the depth of the failure 
surface increases with the reduction in the slope angle. In general, when β ≥ 30°, the failure 
mode is almost unchanged. This condition is referred to as toe failure. 
Figure 5.13 (a) and (b) show the UB plastic zones for β = 75o, D0 = 1.0, GSI = 50, T = 1.5 H 
and different mi values. The depth of the slip surfaces decreases slightly as mi increases. The 
plastic zones are almost unchanged for different D0 values. Thus, it can be concluded that, for 
inhomogeneous slopes, the effects of D0 on the failure surface are insigniﬁcant. 
5.5.2 Comparisons of LEM solutions obtained using equivalent Mohr - Coulomb 
parameters  
In using the Mohr - Coulomb failure criterion to evaluate rock slope stability, estimating the 
equivalent ϕ′ and c′ for the rock slope is required. Although rock or rockfill slopes can be 
evaluated by using the Mohr - Coulomb criterion (Hoek 1990), transferring the rock strength 
parameters to the appropriate ϕ′ and c′ for slope stability assessments remains questionable. 
According to Li et al. (2008; 2009), using ϕ′ and c′ overestimated the factor of safety and may 
result in poor predictions of failure surface, particularly for steep slopes. Therefore, the effects 
of using the equivalent ϕ′ and c′ parameters on the assessments of inhomogeneous rock slope 
stability are worth investigating.  
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In the analyses based on the Mohr - Coulomb failure criterion in the present study, the 
conventional LEM is employed following the Bishop Method (Bishop 1955). The rock strength 
parameters are converted to the equivalent ϕ′ and c′ for each rock slope by using RocLab. The 
ϕ′ and c′ parameters obtained are influenced by slope height, as shown in Equation (5.8). Given 
that this study is based on inhomogeneous masses, D0 decreases linearly with depth. Therefore, 
ϕ′ and c′ as inputs are considered on the basis of varying D0 magnitudes. In fact, this 
consideration could have a significant effect on the assessment of rock slope stability. For 
comparison purposes, several cases selected from previous chart solutions are adopted. 
Figure 5.14 (a) and (b) show different failure mechanisms obtained from the LEM based on 
the Mohr - Coulomb failure criterion and the Hoek - Brown failure criterion, respectively. 
These failure mechanisms are compared with the UB plastic zones based on the Hoek - Brown 
failure criterion. The cases considered are of T = 2.5 H, mi = 10, GSI = 50, D0 = 1.0 for β = 15o 
or 75o. The safety factors assessed on the basis of the Hoek - Brown failure criterion (LA) are 
equal to 1. However, the safety factors assessed on the basis of the Mohr - Coulomb failure 
criterion (LEM) are 0.98 and 1.311 for different slope angles. Such resulting difference 
indicates that using the equivalent Mohr - Coulomb parameters could significantly 
overestimate the safety factor, particular for steep slopes β ≥ 45o. This finding is similar to that 
of Li et al. (2008), who investigated homogeneous rock slope. For the gentle slope (β = 15o) 
shown in Figure 5.14 (a), the difference in F of the UB and LEM results is approximately 2%. 
However, different failure surfaces can be observed. In particular, an increasingly shallow slip 
surface is obtained when the equivalent Mohr - Coulomb parameters are used. The failure 
surface predicted could influence the slope reinforcement consideration. It should be noted that 
determining the slip surface prior to the calculation of F is unnecessary when using LA method. 
5.5.3 Comparisons of LEM solutions obtained using Hoek - Brown parameters  
As mentioned previously, by using the UB and LB methods, the true solutions can be 
bracketed. In this section, the results obtained from the LEM and LA based on the Hoek - 
Brown failure criterion are compared. The LEM in this study is based on the simplified 2D 
Bishop method (Bishop 1955). Figure 5.15 shows that Ni obtained from the LEM is larger than 
the UB results. The results obtained from the LEM are also close to the LB result. However, 
Figure 5.15 shows that a large portion of Ni obtained from the LEM is larger than the LB result. 
This outcome implies that the safety factor of the rock slope is underestimated when the LEM 
is employed. This phenomenon is more evident when D0 increases.  
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5.6 CASE STUDIES 
5.6.1 Rock slopes in Iran 
The cases considered in the present study are adopted from the study of Taheri and Tani in 
2010. A few mines or civil projects in Iran are selected, and the safety factors are presented on 
the basis of the CLARA code. The selected cases are only for GSI ≥ 50, as shown in Table 5.4. 
It must be point out that the GSI for the Angooran case is 48, and it is assumed as 50 which 
should be still a reasonable value (Hoek et al. 1998; Li et al. 2012). In the investigation of 
Taheri and Tani (2010), the rock mass disturbance factor (df) was considered following the 
work of Sonmez et al. (2004). As the stability chart in this study uses D on the basis of the 
Hoek – Brown failure criterion, df must be converted to D according to the study of Sonmez et 
al. (2004). The values of D estimated in the case studies are based on Figure 5.16 and are shown 
in Table 5. Figure 16 shows the df value proposed by Taheri and Tani (2010) and the D value 
proposed by Hoek et al. (2002). It must be stressed that the information regarding the damage 
zone (T) is unavailable. Therefore, T = 2.5 H is adopted to assess the rock slopes. This value 
is regarded as conservative. The safety factors assessed by using stability charts are shown in 
Table 5.5, which also indicates that the slopes are stable. The results obtained agreed with that 
presented by Taheri and Tani (2010). 
5.6.2 Rock slopes presented by Douglas 
Table 5.6 lists the case studies on rock slopes presented by Douglas (2002). Given that each 
case may have several stable or unstable slopes (labeled as a – c and others), γ is assumed to 
be 25 kN/m3 for all cases shown in Table 5.6. This assumption is the same as that made by Li 
et al. (2011) The present study considers a GSI ranging from 50 to 90 because GSI < 50 is not 
discussed in this paper. Table 5.7 displays the safety factors estimated by using the 
inhomogeneous chart solutions on the basis of the average UB and LB results. In the study of 
Douglas (2002), T and D were not considered; thus, the case studies are assessed by assuming 
D0 = 0.7 and T = 2.5 H. As indicated in the results, the slopes are stable for the stable cases 
(1a, 2a, 2b, 2c, 3, 4, 5a and 5b), as shown in Table 5.6 and 5.7. For the unstable cases (1b, 1c, 
1d, 1e and 6), differences are observed in the estimated safety factors and real slope states. 
However, these slopes are assessed by assuming D, which does not represent the real 
magnitude for unstable rock slopes.   
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The case studies also reveal that the analyses of rock slope stability for inhomogeneous rock 
masses are highly influenced by D0 and T. On the basis of the comprehensive observations, T 
= 1.5 H (Table 5.7) is also considered in the assessment of the same cases. The safety factor 
based on T = 1.5 H is larger than that based on T = 2.5 H. Thus, F can be significantly larger if 
the damaged zone caused by blasting can be effectively controlled. The solutions for T = 2.5 
H are also relatively close to those presented in the study of Li et al. (2011), where the 
homogeneous rock slopes were investigated. This outcome indicates that the solutions of Li et 
al. (2011) can be applied if T > 2.5 H. The maximum damage zone considered in this study (T 
= 2.5 H), as proposed by Hoek and Karzulovic (2000), is reasonable for rock slope evaluations. 
5.6.3 Slope failure in closely jointed rock mass in barite open pit mine 
This case study is from Baskoyak barite open pit mine, in western Anatolia. The slope was also 
investigated by Sonmez and Ulusay (1999) and Li et al. (2011; 2016). From Sonmez and 
Ulusay , the unit weight and uniaxial compressive strength of the heavily broken part of the 
schist are considered as 22.2 kN/m3 and 5.2 MPa respectively. In addition, mi = 7 and GSI = 
16 were estimated. It should be noted that, the rock mass disturbance was considered as 
inhomogeneous which is approximately similar to the previous investigations of this present 
study. Moreover, T is 2.5H (H = 20m) and D linearly decreased from 0.7 to 0 in this damage 
zone. Besides, the rock slope was considered as dry condition since there are no groundwater 
in the excavation area. It should be pointed out that this case would not be ideal because 
overburden materials are removed by excavators without any blasting. In fact, the damage zone 
suggested by Hoek and Karzulovic (2000) is to account for blasting effect. However, this case 
is still employed herein to investigate inhomogeneous effects of D on rock slopes in T. The 
obtained failure surface can be seen in Figure 5.17. The comparison of the slip surface with 
Sonmez and Ulusay (1999) and Li et al. (2011) indicated that the result by considering varying 
D in T can still provide a similar failure shape. It revealed that the suggested T by Hoek and 
Karzulovic (2000) would be reasonable. In addition, the failure surface in the present study is 
slightly shallower than the homogeneous one from Li et al. (2011). It agrees well with the 
findings in this study. However, more case studies are still needed to verified the effects of 
varying D in T on rock slope stability assessments. 
5.7 CONCLUSIONS 
This study used UB and LB methods to estimate rock slope stability for inhomogeneous rock 
masses. The stability number are presented as chart solutions on the basis of the Hoek–Brown 
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failure criterion. The stability charts of the inhomogeneous rock mass can facilitate the 
evaluation of safety factors, thereby reducing the computation time. This study also 
investigated the influence of damage zones caused by blasting by considering the different 
levels of rock mass disturbance. The disturbance factor for slope surface is assumed to be either 
1.0 or 0.7, which linearly decreases with the increase in depth. The following conclusions are 
drawn from the results: 
In all the case studies, the UB and LB solutions maintain the stability numbers within ± 10.5%. 
Such result indicates that true solutions for the evaluation of inhomogeneous rock slope 
stability should locate within this range. 
The stability numbers (Ni) increase with the increase in β and D and the decrease in GSI and 
mi. In addition to the significance influence of D on Ni, the blasting damage zone thickness (T) 
can substantially affect the assessment of rock slope stability. A large damage zone makes a 
slope increasingly critical. However, when T = 2.5 H, the safety factor for an inhomogeneous 
rock slope is close to that for a homogeneous slope.  
Based on the observations on the UB plastic zones, mi and T can have a slight effect on failure 
mechanisms. Other Hoek-Brown strength parameters do not influence failure mechanism 
obviously.  
Using the LEM based on the equivalent Mohr - Coulomb parameters could significantly 
overestimate the safety factor for inhomogeneous rock slopes. This phenomenon is more 
evident when the slopes are steep. The failure mechanisms obtained from the LEM do not 
exactly match the LA results. For rock slope assessments, engineers should use the equivalent 
Mohr - Coulomb parameters carefully. 
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5.9 APPENDIX 
 
Table 5.1. Parameters investigated in this study 
GSI   50, 60, 70, 80, 90 
mi  5, 10, 15, 20, 25, 30, 35 
D0  0.7, 1.0 
β  15°, 30°, 45°, 60°, 75° 
T  0.5H, 1.0H, 1.5H, 2.0H, 2.5H 
    
 
Table 5.2. Average stability numbers for T = 0.5 H, mi = 5 and D0 = 0.7 
GSI β = 15º β = 30º β = 45º β = 60º β = 75º 
50 0.163 0.623 1.712 4.122 8.531 
60 0.113 0.391 1.011 2.270 4.418 
70 0.078 0.250 0.606 1.270 2.295 
80 0.054 0.161 0.366 0.714 1.210 
90 0.037 0.104 0.220 0.402 0.656 
 
 
 
Table 5.3. Average stability numbers for T = 0.5 H, mi = 5 and D0 = 1.0  
GSI β = 15º β = 30º β = 45º β = 60º β = 75º 
50 0.177 0.854 2.549 6.181 12.146 
60 0.116 0.487 1.353 3.067 5.750 
70 0.080 0.288 0.739 1.566 2.787 
80 0.055 0.174 0.412 0.811 1.381 
90 0.038 0.107 0.232 0.427 0.692 
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Table 5.4. The rock type, GSI, mi and other relevant information for Iran slope case studies  
Mine Case  GSI  
Intact rock properties  Final designed geometry 
Stable 
γ (kN/m3) σci (MPa)  mi df  H (m) β 
Jajarm 58 27 172 9 0.85 135 65 Yes 
Angooran 48 30 104 7 0.95 170 55 Yes 
 
Table 5.5. Assessment of the safety factor by using LA charts solution 
Mine case  
D estimated based on Figure 
16 
Final assumed 
geometry 
Numerical assessment  
Ground water GSI 
Safety 
factor 
Stable 
Jajarm  0.9 None 58 10.72 Yes 
Angooran  0.75 None 50 5.22 Yes 
 
Table 5.6. Summary of slope data from cases studies base on rock parameters 
Geology Mine case H (m) β GSI  mi Stable 
Saprolite / Basalt 1a 70 49 40–50 25 Yes 
Saprolite / Basalt 1b 41 50 40–50 25 No 
Saprolite / Basalt 1c 41 55 40–50 25 No 
Saprolite / Basalt 1d 46 49 40–50 25 No 
Saprolite / Basalt 1e 57 50 40–50 25 No 
Saprolite / Basalt 2a 58 50 50–60 25 Yes 
Saprolite / Basalt 2b 60 48 50–60 25 Yes 
Saprolite / Basalt 2c 60 52 50–60 25 Yes 
Mudstone / Siltstone 3 38 39 50–60 7 Yes 
Breccia 4 200 65 70–80 19 Yes 
Siltstone 5a 157 48 60–70 7 Yes 
Siltstone 5b 60 53 60–70 7 Yes 
Siltstone 6 110 48 40–50 7 No 
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Table 5.7. The factor of safety analysis by using different chart solutions  
Min
e 
case  
σci 
(MPa) 
σci
γH
 
Homogeneous 
solutions  
(D0 = 0.7) 
Inhomogeneous 
solutions 
 (T = 2.5H, D0 = 
0.7) 
Inhomogeneous 
solutions  
(T = 1.5H, D0 = 
0.7) 
Stable 
GSI F  F F 
1a 3 
1.7
1 
40 1.07 - - 
Yes 
50 2.06 2.29 2.35 
1b 3 
2.9
3 
40 1.90 - - 
Yes 
50 3.80 3.85 3.90 
1c 3 
2.9
3 
40 1.33 - - 
Yes 
50 2.41 2.66 2.93 
1d 3 
2.6
1 
40 1.76 - - 
Yes 
50 3.51 3.48 3.57 
1e 3 
2.1
1 
40 1.37 - - 
Yes 
50 2.74 2.77 2.81 
2a 5 
3.4
5 
50 4.31 4.54 4.6 
Yes 
60 7.30 8.21 8.62 
2b 5 
3.3
3 
50 4.56 4.63 4.76 
Yes 
60 8.12 8.77 9.01 
2c 5 
3.3
3 
50 3.70 4.17 4.27 
Yes 
60 5.55 6.41 7.94 
3 5 
5.2
6 
50 4.04 4.10 4.38 
Yes 
60 6.49 6.42 6.58 
4 150 30 
70 35.3 37.5 38.46 
Yes 
80 60.0 61.22 62.50 
5a 23 
8.8
6 
60 5.18 7.38 7.70 
Yes 
70 8.02 12.48 12.65 
5b 23 
15.
3 
60 10.9 10.92 11.76 
Yes 
70 16.6 16.83 20.24 
6 25 9.1 
40 1.82 - - 
Yes 
50 3.95 4.14 4.33 
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Figure 5.1. Comparison between the Hoek - Brown failure criterion and 
equivalent Mohr - Coulomb failure envelope.  
 
 
 
 
Figure 5.2. D linearly decreased with depth in Region 1 for rock slope model.  
 
 
Slope stability assessments considering material inhomogeneity 
 
140 
 
ROCK SLOPE STABILITY CHARTS 
5 10 15 20 25 30 35
0.005
0.01
0.1
0.2
T = 0.5 H
N
i =
 
ci


H
F
5 10 15 20 25 30 35
0.005
0.01
0.1
0.3
T = 1.0 H
5 10 15 20 25 30 35
0.005
0.01
0.1
0.4
 GSI 50 (D0  = 1.0)
 GSI 60 (D0  = 1.0)
 GSI 70 (D0  = 1.0)
 GSI 80 (D0  = 1.0)
 GSI 90 (D0  = 1.0)
 GSI 50 (D0  = 0.7)
 GSI 60 (D0  = 0.7)
 GSI 70 (D0  = 0.7)
 GSI 80 (D0  = 0.7)
 GSI 90 (D0  = 0.7)
T = 1.5 H
5 10 15 20 25 30 35
0.005
0.01
0.1
0.5
T = 2.0 H
5 10 15 20 25 30 35
0.005
0.01
0.1
0.5
mi
T = 2.5 H
 
Figure 5.3. Limit analysis solutions of stability numbers for inhomogeneous 
rock slopes β = 15o 
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Figure 5.4. Limit analysis solutions of stability numbers for inhomogeneous 
rock slopes β = 30o 
Slope stability assessments considering material inhomogeneity 
 
142 
 
5 10 15 20 25 30 35
0.03
0.1
1
3
5 10 15 20 25 30 35
0.03
0.1
1
4
5 10 15 20 25 30 35
0.03
0.1
1
5
T = 1.5 H
5 10 15 20 25 30 35
0.03
0.1
1
5
N
i =
 
ci


H
F
T = 2.0 H
5 10 15 20 25 30 35
0.03
0.1
1
5
 GSI 50 (D0  = 1.0)
 GSI 60 (D0  = 1.0)
 GSI 70 (D0  = 1.0)
 GSI 80 (D0  = 1.0)
 GSI 90 (D0  = 1.0)
 GSI 50 (D0  = 0.7)
 GSI 60 (D0  = 0.7)
 GSI 70 (D0  = 0.7)
 GSI 80 (D0  = 0.7)
 GSI 90 (D0  = 0.7)
T = 2.5 H
mi
 
Figure 5.5. Limit analysis solutions of stability numbers for inhomogeneous 
rock slopes β = 45o 
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Figure 5.6. Limit analysis solutions of stability numbers for inhomogeneous 
rock slopes β = 60o 
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Figure 5.7. Limit analysis solutions of stability numbers for inhomogeneous 
rock slopes β = 75o 
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(a) D0 = 0.7                                                           (b) D0 = 1.0 
Figure 5.8. Stability numbers for GSI = 60, T = 2 H and different β 
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Figure 5.9. Stability numbers for GSI = 90, T = 0.5 H and different β 
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Figure 5.10.  Stability numbers for β = 60 o or 30o,  D0 = 1.0, GSI = 50 and 
different T 
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(a) T = 0.5 H 
 
(b) T = 1.5 H 
 
(c) T = 2.5 H 
Figures 5.11.  Failure surfaces for β = 60o, GSI = 70, D0 = 1.0, m i = 10 and 
different T 
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(a) β = 15o 
 
(b) β = 30o 
 
(c) β = 45o 
 
(d) β = 60o 
 
(e) β = 75o 
Figures 5.12.  Failure surface for GSI = 60, D0 = 1.0, m i = 20, T = 0.5 H and 
different β  
Slope stability assessments considering material inhomogeneity 
 
148 
 
 
(a) mi = 5 
 
 
(b) mi = 35 
 
Figure 5.13.  Comparison of the upper bound plastic zones for  β = 75o, GSI = 50, 
D0 = 1.0 and T = 1.5 H  
 
(a) Failure surface based on Mohr-Coulomb method when β = 15o or 75o 
 
(b) Failure surface based on Hoek-Brown when β = 15o or 75o 
Figure 5.14.  Failure surface comparisons between the LEM and upper bound 
results for T = 2.5 H, m i = 10, GSI = 50, D0 = 1.0 
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(b) D0 = 1.0 
Figure 5.15.  Comparisons of the upper bound, lower bound and LEM solutions 
for T = 1.5 H, GSI = 50 and different β  
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Figure 5.16. Disturbance factors relation between Sonmez et al. (2004) and 
Hoek et al. (2002) adapted from Sonmez et al. (2004)  
 
 
Figure 5.17.  Comparisons of the slip area present by D linearly decreased with T 
(band), plastic zones given by Li et al (between two red lines) and Sonmez and 
Ulusay (black line) 
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CHAPTER 6 SEISMIC DISTURBED ROCK SLOPE STABILITY 
ASSESSMENTS BASED ON FINITE ELEMENT LOWER BOUND 
LIMIT ANALYSIS METHOD 
 
Z. G. Qian, A. J. Li, W. C. Chen, A. V. Lyamin 
 
6.1 ABSTRACT 
Seismic effects are the most commonly considered factors in rock slope safety design. This 
study employs the finite element lower bound limit analysis method to investigate the seismic 
stability of inhomogeneous rock slopes on the basis of Hoek - Brown failure criterion. 
Moreover, this research investigates different earthquake magnitudes by considering various 
seismic coefficients. Results are presented as seismic rock slope stability charts. The chart 
solutions can provide a reasonable tool for the preliminary evaluations of the safety factors that 
affect seismic rock slope stability. In addition, various recommended blasting damage zones 
are considered in this research. The blasting damage zone thickness considers from 0.5 to 2.5 
times of the slope height. The rock mass disturbance considered as 0.7 or 1.0 and linearly 
decreases in the blasting damage zone. Results show that earthquake and rock mass disturbance 
may have a significant influence on the evaluation of rock slope safety factors. Moreover, this 
research also considers the limit equilibrium method and Mohr - Coulomb equivalent strength 
parameters to analyse the rock slope stability for comparison. 
6.2 INTRODUCTION 
The effects of earthquakes are often an engineering challenge in the assessment of rock slope 
stability. Current investigations have shown that slope failure can occur during earthquakes 
(Chang et al. 1984, Li et al. 2009). Therefore, the impact of earthquakes must be considered in 
rock slope analyses. Over the past few years, many investigators have evaluated seismic rock 
slope stability (Yang et al. 2004, Li et al. 2007, Li et al. 2009), however, no widely accepted 
method has been established to deal with seismic designs for inhomogeneous rock slopes. 
Merifield et al. 2006 indicated that the Hoek - Brown failure criterion (Hoek et al. 2002) is one 
of the most widely accepted failure criteria for evaluating rock slope stability. The Hoek - 
Brown failure criterion is a non - linear failure criterion developed to estimate heavily jointed 
Slope stability assessments considering material inhomogeneity 
 
152 
 
rock masses (Hoek and Brown 1980b, Hoek 1988). A review of literature revealed that 
assessment of rock slope stability using rock mass parameters from a nonlinear failure envelope 
can directly influence the accuracy of the obtained factor of safety (Li et al. 2008.) 
Taylor  proposed the first set of stability charts for purely cohesive uniform soil slopes. Stability 
chart solutions as design tools have drawn the attention of many investigators (Michalowski 
2002, Baker et al. 2006, Michalowski 2010, Li et al. 2010; Qian et al. 2014). However, most 
existing stability charts are designed only for soil slopes and based on Mohr - Coulomb 
equivalent parameters (Li et al. 2008; Qian et al. 2017). Only a few chart solutions based on 
the Hoek - Brown failure criterion have been presented recently (Li et al. 2008, Li et al. 2009, 
Li et al. 2011, Shen et al. 2013, Jiang et al. 2016). It should be noted that a seismic rock slope 
stability chart that considers inhomogeneous rock masses is lacking. Therefore, this research 
investigates the seismic stability of inhomogeneous disturbed rock slope by using the Hoek - 
Brown failure criterion. The obtained results are presented as chart solutions for convenience. 
6.3 PREVIOUS STUDIES 
6.3.1 The Generalised Hoek - Brown failure criterion 
The Hoek - Brown failure criterion is a widely accepted nonlinear criterion that estimates rock 
mass strength (Hoek et al. 2002). The first Hoek - Brown failure criterion was developed and 
published in 1980 (Hoek and Brown 1980b). The Hoek - Brown failure criterion is defined by 
Equations (6.1 – 6.4) based on Hoek et al. 2002. Rock mass strength can be affected by different 
geological conditions, however, Bieniawski’s rock mass rating system (Bieniawski 1976) and 
the Q-system (Barton 2002) are unsuitable for poor quality rock mass analysis (Hoek and 
Kaiser 1995; Hoek and Marinos 2007; Hoek and Brown 1997). Thus, the Hoek - Brown failure 
criterion introduced the Geological Strength Index (GSI) (Hoek and Brown 1997; Hoek 1994). 
GSI is used to estimate the reduction in rock mass strength (Hoek et al. 1998). A considerably 
large GSI indicates good quality of rock masses. Moreover, Hoek et al. 2002 introduced the 
disturbance factor (D) to deal with rock mass disturbance. The value of D is determined based 
on engineering experiences. The range of D is from 0 (for undisturbed in situ rock masses) to 
1 (for disturbed rock mass properties) (Hoek et al. 2002). Hoek 2012 stressed that D should 
only be applied to the actual damaged zone; otherwise, it could significantly underestimate the 
strength and stability of the overall rock mass. 
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𝜎1
′ = 𝜎3
′ +  𝜎𝑐𝑖 (𝑚𝑏
𝜎3
′
𝜎𝑐𝑖
+ 𝑠)
𝑎
                                                                                                   (6.1) 
where 
𝜎1
′ is the major effective principal stress at failure, 𝜎3
′  is the minor effective principal stress at 
failure, 𝜎𝑐𝑖 is the uniaxial compressive strength, 𝑚𝑏 is the reduced value of the material 
constant, and s and a are constants for the rock mass. 
𝑚𝑏 =  𝑚𝑖 exp (
GSI−100
28 − 14𝐷
)                                                                                                          (6.2) 
𝑠 = exp (
GSI−100
9 − 3𝐷
)                                                                                                                     (6.3) 
𝑎 =  
1
2
+
1
6
 (𝑒−GSI/15 − 𝑒−20/3)                                                                                                (6.4) 
The preceding equations show that 𝑚𝑏, s and a depend on GSI (Marinos et al. 2007). 
6.3.2 Mohr - Coulomb failure criterion  
The Mohr - Coulomb failure criterion is a linear equation (Labuz and Zang 2015), as shown in 
Figure 6.1. Most geotechnical software programs at present are still written in terms of the 
Mohr - Coulomb failure criterion (Hoek 1990, Yang and Yin 2004, Li et al. 2008). Rock related 
strength has nonlinear properties. Therefore, rock slope analysis is based on a linear equation, 
thereby possibly affecting the accuracy of the stability analysis. Hoek et al. 2002 introduced 
equivalent Mohr - Coulomb strength parameters friction angle ϕ′ and cohesive strength c′ to 
provide the required input parameters for rock slope analysis, Equations shown in equations. 
(6.5 and 6.6). 
ϕ′ =  sin−1[ 
6 𝑎 𝑚𝑏 (𝑠+  𝑚𝑏 𝜎3𝑛
′ )
𝑎−1
2 (1+𝑎)(2+𝑎)+6 𝑎 𝑚𝑏 (𝑠+ 𝑚𝑏 𝜎3𝑛
′ )
𝑎−1]                                                                       (6.5) 
c′ =
  𝜎𝑐𝑖 [ (1+2𝑎) 𝑠+(1−𝑎) 𝑚𝑏 𝜎3𝑛 
′ ] (𝑠+ 𝑚𝑏 𝜎3𝑛
′ )  𝑎−1   
(1+𝑎)(2+𝑎)√1+ 
 6 𝑎 𝑚𝑏(𝑠+𝑚𝑏𝜎3𝑛
′ )𝑎−1 
(1+𝑎)(2+𝑎)
   
                                                                      (6.6) 
where 
𝜎3𝑛
′ = 𝜎3𝑚𝑎𝑥
′ /𝜎𝑐𝑖                                                                                                                      (6.7) 
𝜎3𝑚𝑎𝑥
′ = 0.72 𝜎𝑐𝑚
′   [
 𝜎𝑐𝑚
′
γH
]
−0.91
                                                                                                 (6.8) 
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𝜎𝑐𝑚
′  =  𝜎𝑐𝑖
(𝑚𝑏+4𝑠−𝑎(𝑚𝑏−8𝑠)) (
𝑚𝑏
4
+𝑠)𝑎−1
2 ( 1+𝑎)( 2+𝑎)
                                                                                       (6.9) 
Where 𝜎𝑐𝑚
′
 is the compressive strength of the rock mass, H is the slope height,  is the material 
unit weight, and the stress range  𝜎𝑡  < 𝜎3
′  < 𝜎𝑐𝑖/4. 
6.3.3 Seismic coefficient 
The pseudo - static (PS) approach is commonly used in seismic slope designs (Baker et al., 
2006, Bray and Travasarou 2009, Li et al. 2009). Terzaghi 1950 suggested seismic coefficients 
k = 0.1 for severe earthquakes and k = 0.25 for violent - destructive earthquakes (Baker et al. 
2006). Newmark applied and extended the PS method by considering a critical seismic 
coefficient (kc) to evaluate the ground movement induced by an earthquake. Newmark’s 
displacement method (Newmark 1965) is based on the assumption that the sliding resistance 
of a slope block determines the displacements of slopes due to seismic force (Miles and Ho 
1999). This approach has been accepted and extensively used to study earthquake triggered 
landslides and rockslides. 
The effects of an earthquake can be simplified as either horizontal or vertical seismic 
coefficients (Kh and Kv) by using the PS approach. Most current investigations based on the 
PS approach only consider Kh. Seed 1979 recommended Kh = 0.1 and Kh = 0.15 for earthquakes 
of 6.5 and 8.5 Richter’s magnitude respectively. The acceptable design factor of safety (F) must 
be above 1.15 (Seed 1979). Besides, the PS approach using Kh equals to one - half the bedrock 
acceleration (Hynes-Griffin and Franklin 1984). Minimum F equals 1. Figure 6.2 summarizes 
various Kh and F values based on the California Division of Mines and Geology (DeWayne 
and Julie 1997), and shows that the range of Kh is from 0 to 0.375.  
6.3.4 Rock slope stability number and stability charts 
The results of this study on inhomogeneous rock slopes are presented using a dimensionless 
stability number (Ni), as shown in Equation (6.10). The definition of Equation (6.10) is similar 
to that proposed by Li et al. 2008, but the results are different due to the different rock mass 
properties. The rock slope stability number can be used to present stability charts. Slope 
stability charts are convenient tools that directly determine slope stability. A review of 
literature revealed that most chart solutions require soil parameters as inputs (Zanbak 1983, 
Han and Leshchinsky 2004; Taheri and Tani 2010). However, evaluation of rock slope stability 
based on soil parameters does not fit the non-linear nature of the rock mass failure envelope, 
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and thus directly affects the accuracy of the stability analysis (Fu and Liao 2010, Li et al. 2011, 
Li et al. 2016). 
Ni =  𝜎𝑐𝑖/γHF                                                                                                                      (6.10) 
where 
σci is the intact uniaxial compressive strength. 
6.3.5 Analysis of rock slope stability 
For the past few years, numerous investigators have evaluated rock slope stability to comply 
with geotechnical engineering requirements, such as limit equilibrium method (LEM) (Bishop 
1955; Chang 2002), finite element method (Mahtab and Goodman 1970, Shen et al. 2013; 
Hammah et al. 2004), and finite element limit analysis methods (LA) (Lyamin and Sloan 
2002a, Lyamin and Sloan 2002b). LEM is a popular approach that deals with slope stability 
problems (Cassidy et al. 2008; Duncan et al. 2008). This approach is based on physical theory 
(Michalowski 1995). In LEM, a rock slope is divided into several slices/blocks. Each 
slice/block is assumed to be based on principles of statics. However, LEM can affect the 
accuracy of the result because the failure surface must be assumed before the safety factor is 
calculated (Qian et al. 2014). 
LA is based on two separate methods and has been proven to be robust and efficient in 
estimating the strength of rock slopes (Loukidis et al. 2003). Upper bound (UB) is based on the 
theorem of kinematics (Lyamin and Sloan 2002a), and lower bound (LB) limit analysis uses 
the static theorem (Sloan 1988, Lyamin and Sloan 2002b, Chen et al. 2008). LB solutions are 
generally conservative and beneficial in practice (Yu et al. 1998). Therefore, the present study 
only adopts LB finite elements (Sloan 1988, Lyamin and Sloan 2002b) to analyse rock slopes. 
The critical failure mechanism can be determined automatically without assuming its shape 
from the LB solutions. 
6.4 PROBLEM DEFINITION 
The stability of the analysed inhomogeneous rock slope model is divided into two regions, as 
shown in Figure 6.3. According to of the study of Hoek and Karzulovic 2000, Region 1 in 
Figure 6.3 is the disturbed zone caused by surface blasting. The damage zone thickness (T) 
ranges considered from 0.5 H to 2.5 H based on recent investigations; that is, T may surround 
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the excavation perimeter from a depth of approximately 2 m (Chen and Liu 2012) to over 100 
m behind the excavated slope face (Marinos et al. 2005). 
Hoek et al. 2002 indicated that D significantly influences the evaluation of rock slope stability 
(Li et al. 2011). Hoek 2012 explained that assigning only a constant D to a rock slope is 
inappropriate. Therefore, varying D in a slope is considered in Region 1, where D on the 
excavated slope surface is represented as D0, which is assumed to be either 1.0 or 0.7 based on 
the proposal of Hoek et al. . Thereafter, this value decreases linearly to 0 with the increase in 
depth in T. Meanwhile, Region 2 is the undisturbed rock mass zone, where D = 0 is adopted. 
The range of the slope parameters in Table 6.1 is analysed. This study only considers GSI from 
50 to 90 because blasting is generally unnecessary in excavating rock masses with GSI ≤ 50 
(Tsiambaos and Saroglou 2010). In addition, only Kh is considered for the PS analyses, which 
is similar to most practical designs. In this study, the values of Kh are considered from 0.1 to 
0.3.  
6.5. RESULTS AND DISCUSSIONS 
6.5.1 LB solutions for seismic stability number and stability charts 
This research investigates the slope stability of seismic inhomogeneous rocks by using the LB 
method based on the Hoek - Brown failure criterion. Ni is obtained by considering a range of 
rock parameters, which include different magnitudes of Kh (from 0.1 to 0.3). Figure 6.4 shows 
Ni for the different GSI, D0, and intact rock yield parameter (mi) for the slope angle of β = 15o 
and Kh = 0.1. The obtained Ni increases as GSI and mi decreases. Moreover, Figure 6.4 shows 
that D0 influences the estimations of slope stability. Comparison of the different D0 values 
indicates that Ni increases as D0 increases. Figures 6.4 to 6.6 show that Ni increases as Kh 
increases. Table 6.2 also shows the same trend. For example, in Table 6.2, the Ni of GSI = 50 
and D0 = 0.7 for β = 15º increases from 0.375 when Kh = 0.1 to 1.251 when Kh = 0.3. Ni is 
inversely proportional to the factor of safety. Therefore, a large Ni means the slope is highly 
dangerous. 
Slope angle also influences the factor of safety. The results indicate that Ni increases as β 
increases. Table 6.2 shows that the difference in Ni between GSI = 50 and GSI = 90 increases 
when β increases. When β = 15º, Kh = 0.1 and D0 = 0.7, Ni for GSI = 50 is approximately 4.41 
times that for GSI = 90. When β is increased to 75º, Ni for GSI = 50 is approximately 14.20 
times that for GSI = 90. In addition, the Ni difference between β = 15o and β = 75o increases 
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while D0 increases. When D0 = 0.7, GSI = 50 and Kh = 0.2, Ni for β = 75o is approximately 
28.55 times that for β = 15o. However, Ni for β = 75º is increased to approximately 43.50 times 
that for β = 15o when D0 = 1.0. The chart solutions are presented in Figures 6.7 to 6.18, where 
the similar trends as those for β = 15o are observed. 
Figure 6.19 shows that a large damage zone can reduce the slope factor of safety. Figure 6.19 
shows that the difference in Ni between T = 1.0 H and T = 2.5 H increases with a decrease in 
β. The maximum difference in Ni observed between T = 1.0 H and T = 2.5 H for β = 60o is 
approximately 17%, which is less than the maximum for β = 30o (over 38%). Furthermore, 
Figure 6.20 presents the LB plastic points, which can be viewed as the slope failure surfaces. 
Therefore, a comparison of failure surfaces for the different T and Kh values is shown in Figure 
6.20. The results show that the failure surface for T = 0.5 H is slightly smaller than those for T 
= 1.5 H and T = 2.5 H, particularly for the slope crest. The results presented in Figure 6.20 
showed only slight differences when the values of Kh are changed. Figure 6.21 presents several 
observed LB plastic points for D0 = 0.7 or 1.0, GSI = 60, mi = 20, T = 0.5 H, Kh = 0.2, and 
different slope angles. Accordingly, the failure mode is nearly unchanged when β ≥ 30°. Figure 
6.21, also indicates that the effects of D0 on the failure surface are insigniﬁcant for the analysis 
of the seismic inhomogeneous rock slopes. 
6.5.2 Comparison of results with LEM using the Mohr - Coulomb Failure Criterion 
As mentioned previously, most geotechnical software programs still use soil parameters based 
on the Mohr - Coulomb failure criterion. Therefore, analyses of rock slope stability should 
convert the rock strength parameters to soil parameters ϕ' and c'. This research evaluates the 
slope stability of seismic rocks by using Mohr - Coulomb parameters based on LEM for 
comparison. 
The rock strength parameters are converted to ϕ' and c' by using RocLab software. The Mohr - 
Coulomb parameters are obtained based on the rock strength parameters, which rely on slope 
height. Figure 6.22 shows that Region 1 is divided into 10 layers. D0 linearly decreases in each 
layer because the slope model is based on inhomogeneous rock slope cases. Soil parameters 
are considered inputs based on different D0 magnitudes. Consequently, ϕ' and c' increase 
because D0 linearly decreases in each layer. This consideration could exert a significant effect 
on the assessments of the rock slope stability. The simulation of the seismic effects in LEM 
only considers the horizontal seismic coefficient. The results show that converting the rock 
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strength parameters to ϕ' and c' as a solution to seismic rock slope problems may affect the 
accuracy of the result, particularly for steep slopes. 
Table 6.3 shows that F in these comparison cases based on the Hoek - Brown failure criterion 
Bishop method (Bishop 1955) and Janbu method (Janbu 1973) is equal to 1. Table 6.3 shows 
that the difference between Mohr - Coulomb and Hoek - Brown is approximately 2.8% (Bishop 
method) and 5.6% (Janbu method) when β = 15o and Kh = 0.1. The difference is approximately 
0.9% (Bishop method) and 2.5% (Janbu method) respectively, for the case that assumes that 
Kh increased to 0.3 for β = 15o. Table 6.3 shows that F obtained using the Hoek - Brown failure 
criterion can be significantly different from that obtained using the Mohr - Coulomb failure 
criterion when β increases (β = 75o). The difference is approximately 47.4% (Bishop method) 
and 58.0% (Janbu method) for Kh = 0.1. When Kh = 0.3, the difference is approximately 64.1% 
(Bishop method) and 67.9% (Janbu method). Therefore, F obtained based on ϕ' and c' may 
achieve similar results to those obtained based on the Hoek - Brown failure criterion for gentle 
slopes. However, the differences in F between the Mohr - Coulomb and Hoek - Brown criteria 
increase as β increases. This phenomenon was also noted by Li et al. 2008, who investigated 
only homogeneous rock slopes using the Bishop method. 
Figure 6.23 shows the different failure surfaces. It can be seen that the poor prediction for slope 
failure surface may be caused by the Mohr - Coulomb parameters. A shallow slip surface is 
obtained based on the Mohr - Coulomb parameters when β = 15° (Bishop method and Janbu 
method), as shown in Figure 6.23 (a) to (b). A similar slip surface is observed when β = 30°, 
as shown in Figure 6.23 (c) to (d). For steep slopes, Figure 6.23 (e) and (f) show that the failure 
surfaces based on the Hoek - Brown failure criterion are shallower and closer to the slope 
surface than those based on Mohr - Coulomb parameters. Therefore, steep slopes based on the 
Mohr - Coulomb parameters may lead to the high estimation of F and induce a non-
conservative design. 
6.5.3 Comparison of the difference between LA and LEM based on the Hoek - Brown 
failure criterion 
This study compares the differences in failure surface between LEM and LB on the basis of 
the Hoek - Brown failure criterion. Figure 6.24 (a) to (e) present the different failure 
mechanisms obtained from the numerical LB plastic points and LEM for various β. The LEM 
results are based on the simplified method of either Bishop or Janbu. The results show that 
most failure surfaces of the Bishop method are similar to those of LB. Failure surfaces based 
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on the Janbu method are slightly larger than those from LB and Bishop method where slopes 
are gentle. In addition, Figure 6.24 (e) shows that the depth of the slip surface from LEM is 
larger than that from LB for β = 75o. 
Table 6.4 presents case studies based on Kh = 0.2, T = 0.5 H, D0 = 0.7, mi = 10 and GSI = 50. 
The result shows that Ni from LEM approximates the results of LB when β ≤ 60o. The 
difference in Ni between LB and LEM can be significant when β = 75o, Table 6.4 shows that 
the difference can reach up to 14.675% (Bishop method) and 62.559% (Janbu method). The 
result shows that the predetermined failure surface that was assumed prior to the analysis using 
LEM may influence the accuracy of the results when the slope is steep, particularly for the 
simplified Janbu method. Therefore, engineers should be cautious when using LEM in rock 
slope seismic designs. 
6.5.4. Seismic effects based on the analysis of the stability of homogeneous rock slopes 
Table 6.5 shows several cases selected from previous seismic chart solutions. The cases are 
considered for D0 = 0.7, T = 0.5 H or 2.5 H and differences in GSI under different β (from 30o 
to 75o). The values of Kh from 0.1 to 0.3 are investigated. The comprehensive observations in 
Table 6 show that Ni for homogeneous rock slopes is larger than those for inhomogeneous case 
studies. In addition, Ni based on T = 2.5 H considerably approximates the homogeneous results, 
even for the steep slopes. This finding implies that F can be larger if the damaged zone can be 
controlled better. Qian et al. 2017 highlighted that, the T proposed by Hoek and Karzulovic 
(2000) is reliable, thus, T = 2.5 H can be considered the maximum. Table 6.6 shows that when 
T > 2.5 H, the result based on the inhomogeneous rock slopes is similar to the homogeneous 
results. Therefore, homogeneous rock slopes chart solutions would be directly applied to rock 
slope evaluations. 
6.5.5 Case studies 1 
The case studies for open pit mines are based on the investigations of Douglas (2002). Table 
6.7 shows the slope parameters. Moreover, γ is assumed to be 25 kN/m3 and T = 2.5 H for all 
case studies. The same assumption was also made by Li et al. (2011). The present research only 
considers the range of GSI from 50 to 90. Therefore, cases with GSI < 50 are not discussed in 
this study. The magnitude of T and D was not mentioned in the research of Douglas (2002). 
Thus, the case studies are assessed by assuming that D0 = 0.7 and T = 2.5 H. The values of Kh 
are considered to be 0.1 or 0.3.  
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Non-seismic inhomogeneous chart solutions (Qian et al. 2017) based on average UB and LB 
solutions are considered for comparison. As expected, the F results obtained using the 
presented chart solutions are generally smaller than those based on non-seismic rock slopes, as 
shown in Table 6.8. Table 6.8 indicates that slope stability is highly influenced by seismic 
force. F values based on Kh = 0 are significantly larger than those based on Kh = 0.1 or 0.3. The 
difference between Kh = 0 and Kh = 0.1 is approximately 40%. F may decrease by over 50% 
when Kh increases from 0.1 to 0.3. Therefore, rock slope seismic designs using incorrect chart 
solutions would present significant errors, particularly for large Kh values. 
6.5.6 Case studies 2 
The case study 2 is Daguangbao landslide. This slope failure is induced by the Wenchuan 
earthquake on 12 May 2008 in Sichuan Province, China (Zhang et al. 2015). The rock slope 
model was considered as three materials basis on the suggestion of Zhang et al. (2015), as 
shown in Figure 6.26. Table 6.9 shows all parameters considered in the Daguangbao landslide 
(Zhang et al. 2015). For the case study, different T comparisons have been made. T is 
considered as 0.5 H, 1.5 H or 2.5 H. As presented by Zhang et al. (2015), D0 at the slope surface 
is 1.0. This study account for that D0 linearly decreased in T. In addition, the rock slope model 
estimated as dry condition. Kh was considered from 0 to 0.3. 
Table 6.10, which also shows that F can be significantly larger if the damaged zone caused by 
blasting can be effectively controlled. The magnitudes of F > 1 for all cases where Kh = 0, and 
therefore all cases can be considered stable. It can be found that F < 1 for all cases when Kh = 
0.3, showing that all slope cases are under an unstable situation, is the same as that proposed 
by Zhang et al. (2015). However it should be stressed that F magnitudes between this study 
and Zhang et al. (2015) cannot be compared directly due to the definition of F being different. 
The comparison of the slip surface with Zhang et al. (2015) indicated that the result by 
considering T can still provide a similar failure shape, as can be seen in Figure 6.27. It should 
be noted that the failure surface for T = 0.5 H and 1.5 H are significantly smaller than that for 
T = 2.5 H and the reported failure surface by Zhang et al. , particularly for the slope crest. 
Therefore, T value is 0.5 H and 1.5 H may not suit well for this case study. The failure surface 
for T = 2.5 H in the present study is slightly shallower than the homogeneous one. It should be 
noted that the failure surface for T = 2.5 H is found to be more reasonable when comparing 
with reported failure surface by Zhang et al. (2015). It implied that the maximum 
recommendation (T = 2.5 H) by Hoek and Karzulovic (2000) is reasonable for rock slope 
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evaluations. Therefore, it means that consideration of a reasonable T value is important, 
particularly for capturing failure surfaces.  
6.6 CONCLUSION 
This research is uses the finite element lower bound limit analysis method to estimate the 
stability of seismic rock slope for inhomogeneous rock masses. The horizontal seismic 
coefficients are based on the pseudo - static method, and the values are considered to range 
from 0.1 to 0.3. The slope model simulations consider the varied thickness of the damage zone. 
The disturbance factor assigned to the slope surface is either 1.0 or 0.7 and is assumed to be 
linearly decreasing with slope depth. The slope stability number is presented as chart solutions 
using the Hoek - Brown failure criterion. The seismic inhomogeneous rock slope stability 
charts presented in this research can simplify the evaluation of the safety factor. The following 
conclusions are obtained from the results. 
This research presents a new seismic slope stability charts based on Kh. The results show that 
Ni significantly increases as Kh increases, thereby reducing the slope factor of safety. However, 
the failure mechanism remains constant. The factor of safety may be overestimated if Kh is not 
considered in the seismic rock slope analysis. 
Ni increases as D0 and β increase, as well as decreases as GSI and mi increase. Moreover, T 
can significantly affect the assessments of rock slope stability. The results approximate those 
for a homogeneous slope when T ≥ 2.5 H. 
Using the equivalent Mohr - Coulomb strength parameters may significantly influence the rock 
slope stability evaluations. This phenomenon is significant for steep slopes. The failure 
mechanisms obtained based on LEM do not precisely match the LB results. Therefore, the 
assumed slip surface for the assessment of seismic rock slope in LEM may be occasionally 
inadequate to assess the stability of rock slopes. 
This study compares the difference in Ni between LEM and LB based on the Hoek - Brown 
failure criterion. The results show that Ni using LEM approximates the results of LB when β ≤ 
60o. However, the difference in Ni between LB and LEM tends to be significant when β  75o. 
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6.8 APPENDIX 
Table 6.1. Parameters investigated in this study 
GSI  50, 60, 70, 80, 90 
mi  5, 10, 15, 20, 25, 30, 35 
D0  0.7, 1.0 
β  15°, 30°, 45°, 60°, 75° 
T  0.5H, 1.0H, 1.5H, 2.0H, 2.5H 
 
 
Kh  0.1, 0.2, 0.3 
 
Table 6.2. Stability numbers (Ni) for T = 0.5H, mi = 5, D0 = 0.7 or 1.0 under a range of Kh. 
GSI Kh 
D0 = 0.7 D0 = 1.0 
15º 30º 45º 60º 75º 15º 30º 45º 60º 75º 
50 
0.1 0.375 1.067 2.680 6.136 12.271 0.393 1.463 3.959 8.944 20.173 
0.2 0.719 1.702 3.975 8.408 20.524 0.745 2.339 5.786 11.983 32.408 
0.3 1.251 2.622 5.714 11.201 39.968 1.294 3.599 8.165 15.601 56.054 
60 
0.1 0.258 0.662 1.549 3.275 6.168 0.265 0.824 2.059 4.341 9.019 
0.2 0.492 1.041 2.244 4.391 9.538 0.505 1.297 2.949 5.720 14.444 
0.3 0.850 1.575 3.151 5.739 19.181 0.873 1.961 4.086 7.358 23.707 
70 
0.1 0.178 0.417 0.908 1.780 3.216 0.182 0.481 1.102 2.164 3.774 
0.2 0.338 0.647 1.287 2.336 4.883 0.345 0.745 1.548 2.808 5.694 
0.3 0.580 0.963 1.767 3.002 8.818 0.592 1.107 2.106 3.567 10.053 
80 
0.1 0.123 0.265 0.535 0.975 1.644 0.125 0.287 0.600 1.099 1.862 
0.2 0.232 0.406 0.742 1.258 2.276 0.235 0.439 0.829 1.408 2.942 
0.3 0.395 0.595 1.000 1.594 3.831 0.401 0.641 1.109 1.770 4.892 
90 
0.1 0.085 0.169 0.315 0.538 0.864 0.085 0.175 0.332 0.568 0.909 
0.2 0.159 0.256 0.430 0.684 1.149 0.160 0.264 0.451 0.720 1.378 
0.3 0.268 0.370 0.570 0.856 1.935 0.270 0.381 0.596 0.897 2.129 
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Table 6.3. Compared difference in F between Hoek - Brown (HB) and Mohr - Coulomb (MC) failure 
criteria 
Case Method Kh GSI mi D0 T F (MC) F (HB) Different 
β = 15o  
Bishop   
0.1 
80 25 0.7 1.5 
1.028 1 2.80% 
Janbu  1.056 1 5.60% 
Bishop 
0.3 
1.009 1 0.90% 
Janbu 1.025 1 2.50% 
β = 30o  
Bishop   
0.1 
0.972 1 2.80% 
Janbu  1.028 1 2.80% 
Bishop 
0.3 
1.009 1 0.90% 
Janbu 0.998 1 0.20% 
β = 75o  
Bishop   0.1 1.474 1 47.40% 
Janbu    1.58 1 58.00% 
Bishop 0.3 1.641 1 64.10% 
Janbu   1.679 1 67.9 
 
Table 6.4. Ni comparisons by using LA and LEM  
β 
Ni 
(Bishop) 
Ni 
(Janbu) 
Ni 
(LB) 
Difference between 
Bishop (%) 
Difference between Janbu 
(%) 
15 0.351 0.393 0.356 1.404 10.393 
30 0.890 0.947 0.884 0.679 7.127 
45 2.367 2.539 2.348 0.809 8.135 
60 6.659 7.223 6.746 1.290 7.071 
75 17.420 7.644 20.416 14.675 62.559 
 
Table 6.5. Seismic slope data selected based on different Kh magnitudes 
Case β D GSI  mi 
1 30 0.7 60 5 
2 45 0.7 90 35 
3 60 0.7 50 35 
4 75 0.7 80 25 
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Table 6.6. The factor of safety analysis by using different chart solutions based on D0 = 0.7 
Case  Kh Homogeneous Ni 
Inhomogeneous Ni  
(T = 0.5H) 
Inhomogeneous Ni  
(T = 2.5H) 
1 
0.1 1.091 0.662 0.981 
0.2 1.709 1.041 1.539 
0.3 2.575 1.575 2.323 
2 
0.1 0.072 0.064 0.071 
0.2 0.114 0.101 0.112 
0.3 0.181 0.162 0.177 
3 
0.1 2.084 1.796 1.964 
0.2 3.883 3.117 3.695 
0.3 7.592 6.307 7.286 
4 
0.1 1.454 1.335 1.403 
0.2 2.322 2.128 2.188 
0.3 5.520 3.409 5.419 
 
 
Table 6.7. Summary of slope data from cases studies base on rock parameters 
Geology Mine case H (m) β GSI  mi Stable 
Saprolite / Basalt 1a 70 49 40–50 25 Yes 
Saprolite / Basalt 1b 41 50 40–50 25 No 
Saprolite / Basalt 1c 41 55 40–50 25 No 
Saprolite / Basalt 1d 46 49 40–50 25 No 
Saprolite / Basalt 1e 57 50 40–50 25 No 
Saprolite / Basalt 2a 58 50 50–60 25 Yes 
Saprolite / Basalt 2b 60 48 50–60 25 Yes 
Saprolite / Basalt 2c 60 52 50–60 25 Yes 
Mudstone / Siltstone 3 38 39 50–60 7 Yes 
Breccia 4 200 65 70–80 19 Yes 
Siltstone 5a 157 48 60–70 7 Yes 
Siltstone 5b 60 53 60–70 7 Yes 
Siltstone 6 110 48 40–50 7 No 
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Table 6.8. The factor of safety analysis by using different chart solutions based on D0 = 0.7 
Case  
σci
γH
 GSI 
Present solutions  
(Inhomogeneous) 
Inhomogeneous solutions 
(by Qian et al. (2017))  
(Kh = 0.1) (Kh = 0.3) (Kh = 0) 
F 
1a 2 
40 ̶ ̶ ̶ 
50 1.43 0.46 2.29 
1b 3 
40 ̶ ̶ ̶ 
50 2.25 0.77 3.85 
1c 3 
40 ̶ ̶ ̶ 
50 1.47 0.47 2.66 
1d 3 
40 ̶ ̶ ̶ 
50 2.18 0.71 3.48 
1e 2 
40 ̶ ̶ ̶ 
50 1.62 0.56 2.77 
2a 3 
50 2.65 0.91 4.54 
60 4.86 1.82 8.21 
2b 3 
50 3.03 0.93 4.63 
60 4.90 2.02 8.77 
2c 3 
50 1.85 0.56 4.17 
60 4.63 1.59 6.41 
3 5 
50 2.39 0.96 4.10 
60 4.05 1.95 6.42 
4 30 
70 19.35 7.14 37.50 
80 40.00 13.33 61.22 
5a 8.86 
60 4.66 1.97 7.38 
70 7.38 4.22 12.48 
5b 15.3 
60 7.29 3.26 10.92 
70 11.33 6.80 16.83 
6 9.1 
40 ̶ ̶ ̶ 
50 2.40 1.17 4.14 
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Table 6.9. Parameters investigated in Daguangbao landslide based on Zhang et al. (2015) 
 
Table 6.10. The factor of safety analysis by using different condition 
Case study T σci/γH N F Stable 
Homogeneous solutions (Kh = 0) 
0 
2.39 2.10 1.14 Yes 
Homogeneous solutions (Kh = 0.1) 2.39 3.86 0.62 No 
Homogeneous solutions (Kh = 0.2) 2.39 6.61 0.36 No 
Homogeneous solutions (Kh = 0.3) 2.39 10.75 0.22 No 
Inhomogeneous solutions (Kh = 0) 
0.5 H 2.39 0.43 5.55 Yes 
1.5 H 2.39 0.93 2.57 Yes 
2.5 H 2.39 1.19 2.01 Yes 
Inhomogeneous solutions (Kh = 0.1) 
0.5 H 2.39 0.80 2.98 Yes 
1.5 H 2.39 1.72 1.39 Yes 
2.5 H 2.39 2.19 1.09 Yes 
Inhomogeneous solutions (Kh = 0.2) 
0.5 H 2.39 1.40 1.71 Yes 
1.5 H 2.39 2.97 0.80 No 
2.5 H 2.39 3.78 0.63 No 
Inhomogeneous solutions (Kh = 0.3) 
0.5 H 2.39 2.34 1.02 Yes 
1.5 H 2.39 4.89 0.49 No 
2.5 H 2.39 6.18 0.39 No 
 
 
 
 
 
 
 
 
 
 
 
 
 
Region σci (MPa) GSI mi  D 
1 43.8 40 12 27 1 
2 87.2 40 9 27 1 
3 87.2 70 7 26 1 
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Figure 6.1. Comparison between the Hoek–Brown failure criterion and 
equivalent Mohr – Coulomb failure envelope 
 
Figure 6.2. Design Kh for pseudo-static analysis 
 
 
Figure 6.3. D0 linearly decreased with depth in Region 1 for seismic rock slope 
model 
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Figure 6.4. Limit analysis solutions of stability numbers for rock slopes β = 15 o, 
Kh = 0.1 
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Figure 6.5. Limit analysis solutions of stability numbers for rock slopes β = 15 o, 
Kh = 0.2 
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Figure 6.6. Limit analysis solutions of stability numbers for rock slopes β = 15 o, 
Kh = 0.3 
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Figure 6.7. Limit analysis solutions of stability numbe rs for rock slopes β = 30o, 
Kh = 0.1 
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Figure 6.8. Limit analysis solutions of stability numbers for rock slopes β =30 o, 
Kh = 0.2 
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Figure 6.9. Limit analysis solutions of stability numbers for rock slopes β = 30 o, 
Kh = 0.3 
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Figure 6.10.  Limit analysis solutions of stability numbers for rock slopes β = 
45o, Kh = 0.1 
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Figure 6.11. Limit analysis solutions of stability numbers for rock slopes β = 
45o, Kh = 0.2 
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Figure 6.12.  Limit analysis solutions of stability numbers for rock slopes β = 
45o, Kh = 0.3 
Slope stability assessments considering material inhomogeneity 
 
183 
 
5 10 15 20 25 30 35
0.15
1
10
T = 0.5 H
 
 GSI 50 (D0  = 1.0)
 GSI 60 (D0  = 1.0)
 GSI 70 (D0  = 1.0)
 GSI 80 (D0  = 1.0)
 GSI 90 (D0  = 1.0)
 GSI 50 (D0  = 0.7)
 GSI 60 (D0  = 0.7)
 GSI 70 (D0  = 0.7)
 GSI 80 (D0  = 0.7)
 GSI 90 (D0  = 0.7)
N
i =
 
c
i

H
F
m
i
5 10 15 20 25 30 35
0.15
1
10
20
T = 1.0 H
 
5 10 15 20 25 30 35
0.15
1
10
20
T = 1.5 H
 
 
 
5 10 15 20 25 30 35
0.15
1
10
20
T = 2.0 H
  
 
5 10 15 20 25 30 35
0.15
1
10
20
T = 2.5 H
 
 
 
 
Figure 6.13.  Limit analysis solutions of stability numbers for rock slopes β = 
60o, Kh = 0.1 
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Figure 6.14.  Limit analysis solutions of stability numbers for rock slopes β = 
60o, Kh = 0.2 
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Figure 6.15.  Limit analysis solutions of stability numbers for rock slopes β = 
60o, Kh = 0.3 
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Figure 6.16.  Limit analysis solutions of stability numbers for rock slopes β = 
75o, Kh = 0.1 
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Figure 6.17.  Limit analysis solutions of stability numbers for rock slopes β = 
75o, Kh = 0.2 
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Figure 6.18.  Limit analysis solutions of stability numbers for rock slopes β = 
75o, Kh = 0.3 
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   (a) β = 30o                                                    (b) β = 60o 
Figure 6.19. N i for GSI = 60, D0 = 0.7 or 1.0,  kh = 0.1 with different T 
 
 
(a) T = 0.5 H 
 
(b) T = 1.5 H 
 
(c) T = 2.5 H 
Figure 6.20. Failure surfaces for β = 45o, GSI = 70, D0 = 1.0, m i = 10 and 
different T 
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(a) β = 15o 
 
(b) β = 30o 
 
(c) β = 45o 
 
(d) β = 60o 
 
(e) β = 75o 
Figure 6.21. The LB failure surface based on plastic points for different slope 
angles 
 
 
Figure 6.22. Assumed 2D seismic rock slopes model based on LEM  
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(a) β = 15o, Kh = 0.1 
 
(b) β = 15o, Kh = 0.3 
 
(c) β = 30o, Kh = 0.1 
 
(d) β = 30o, Kh = 0.3 
 
(e) β = 75o, Kh = 0.1 
 
(f) β = 75o, Kh = 0.3 
Figure 6.23. The failure surfaces difference between MC and HB 
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(a) β = 15o 
 
(b) β = 30o 
 
(c) β = 45o 
 
(d) β = 60o 
 
(e) β = 75o 
Figure 6.24. Comparison seismic failure surface when T = 0.5, GSI = 50, m i = 
10 and D0 = 0.7 
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(a) β = 30o, Kh = 0.2 
 
(b) β = 45o, Kh = 0.3 
 
(c) β = 60o, Kh = 0.1 
 
(d) β = 75o, Kh = 0.3 
Figure 6.25. Comparison seismic failure surface when T difference between 
inhomogeneous and homogeneous rock slope  
 
 
Figure 6.26. Problem configuration for Daguangbao landslide analysis  
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Figure 6.27. Comparison seismic failure surface when T difference between 
inhomogeneous and homogeneous rock slope when Kh = 0.2 or 0.3 
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CHAPTER 7 CONCLUDING REMARKS 
This thesis applies the finite element UB and LB limit analysis methods to evaluate 
inhomogeneous soil and rock slope stability problems based on the 2D model. The slope 
stability numbers can provide convenient solutions, which are the core and final results of this 
thesis. These stability numbers can also be presented through slope stability charts, which can 
help improve current slope designs. The chart solutions can make slope safety assessments 
more direct and accurate than the conventional LEM. In addition, ANN technique is used to 
assess soil slope stability. Based on ANN, the results of the soil slope are efficient and reliable. 
The investigations can be summarized into four research sections, the following topics: 
Soil slope stability analysis: 
1) Fill slopes stability analysis by consider two - layered purely cohesive soils (Chapter 3) 
2) Application of artificial neural network to inhomogeneous soil slope stability assessments 
based on finite element limit analysis methods (Chapter 4) 
Rock slope stability analysis: 
3) Parametric studies of disturbed rock slope stability based on finite element upper bound 
and lower bound limit analysis methods (Chapter 5) 
4) Seismic disturbed rock slope stability assessments based on finite element lower bound limit 
analysis method (Chapter 6) 
7.1 GENERAL OVERVIEW 
Fill slopes are commonly encountered construction problems in soil design. This thesis 
estimates stability numbers on the basis of the two - layer slope model. Chapters 3 and 4 discuss 
the soil slope stability analysis based on the Mohr - Coulomb failure criterion. The thesis 
presented in these two chapters considers various soil parameters, such as , d/H, and cu1/cu2. 
Chapter 3 employs soil stability charts by considering two - layered purely cohesive soils, and 
Chapter 4 considers that cohesive strength for foundation materials increases linearly with 
depth. Furthermore, Chapters 3 and 4 propose a stability analysis based on ANN. The data in 
these two chapters are trained as an evaluation package based on the Mohr - Coulomb failure 
criterion. The ANN training results are highly accurate. 
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The slope stability charts presented in Chapters 5 and 6 are based on rock slope stability 
analyses. The thesis considers the non - linear nature of rock mass failure envelopes. In 
Chapters 5 and 6, the rock slope stability assessments are based on the Hoek - Brown failure 
criterion. Rock slope parameters, such as T, D, mi, and GSI, are taken into account in the two 
Chapters 5 and 6. Chapter 5 investigates the influence of rock mass disturbance on rock slope 
stability assessments. The results of this chapter provide a reasonable tool for preliminary rock 
safety factor evaluations. Seismic rock slope stability analysis is a common and difficult 
problem in geotechnical engineering. Chapter 6 addressed this issue by considering different 
horizontal seismic coefficients. The results are presented as seismic rock stability charts. 
7.2 FILL SLOPES COMPOSED OF TWO - LAYERED PURELY COHESIVE SOILS 
Soil slope stability analysis based on filled slopes with two - layered purely cohesive soils is 
shown in Chapter 3. The ratio of undrained shear strength between the filled materials and the 
bottom layer is investigated. The range of the cu1/cu2 ratio is considered to be from 0.2 to 5. 
According to the details on Chapter 3, when cu1/cu2 ≤ 0.8, the stability number is almost a 
constant. Toe failure is noted for filled slopes that are considerably weaker than the foundation 
(cu1/cu2 ≤ 0.8) and where β is larger than 45o. The depth of failure surface increases with 
increasing bottom layer depth when cu1/cu2 ≤ 0.8 and β is smaller than 30o. Fill materials may 
also highly effect the failure mechanisms when cu1/cu2 ≥ 1.5. In addition, the F of the slope 
decreases with an increase in cu1/cu2 ratio when cu1/cu2 ≥ 1.5.  
The research also found that safety factor decreases with increasing β, the depth factor, and 
ratio of cu1/cu2 when cu1/cu2 ≥ 1.5. The results from the LEM are generally smaller than those 
from the numerical UB and LB limit analysis methods. 
7.3 APPLICATION OF ARTIFICIAL NEURAL NETWORK TO INHOMOGENEOUS 
SOIL SLOPE STABILITY ASSESSMENTS  
Similar to the previous research presented in Chapter 3, Chapter 4 in this thesis is discusses the 
slope on the basis of the different soil cohesive properties. The ratio of undrained shear strength 
between the top and bottom layers is considered to be from 0.2 to 5. A ratio of increment of 
the cohesive strength in the bottom layer is considered to be from 0 to 5. The β is from 15° to 
75° and d/H is from 1.5 to 5. As results, the stability number increases with the increase in β, 
cu1/cu2, and the ratios of the depth factors when cu1/cu2 ≥ 0.8 and d/H ≤ 3. Moreover, the results 
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also reveal that the stability number increases with the reduction in the ratio of increment of 
the cohesive strength in the bottom layer. 
Stability charts are also used to present the results. The ANN adopted is based on chart 
solutions, which shows that ANN once trained the data successfully. The results can be 
obtained quickly and accurately as ANN training outputs. The research in this thesis 
demonstrated that the ANN training package is a convenient tool for carrying out the 
preliminary 2D design of filled soil slope stability. 
7.4 THE DISTURBED ROCK SLOPE STABILITY ANALYSIS BASED ON FINITE 
ELEMENT LIMIT ANALYSIS METHODS 
Chapter 5 discusses the estimated slope stability of inhomogeneous rock masses on the basis 
of the Hoek - Brown failure criterion. The magnitude of the D is considered to be either 1.0 or 
0.7, which linearly decreases in the T. The T is from half of the slope height to 2.5 times the 
slope height. The GSI is from 50 to 90. In addition, the differences in the stability numbers of 
the UB and LB solutions are bracketed within ± 10.5%. The results show that the T, GSI, and 
D can significantly influence stability assessment. The F for an inhomogeneous rock slope 
increases with an increasing GSI and a decreasing D but, decreases with an increasing β. 
The F of rock slope decreases with increasing T, when the T is deep enough (T = 2.5 H), and 
the F for an inhomogeneous rock slope is close to that for a homogeneous slope. Therefore, the 
slope stability analysis can be considered for a homogeneous rock mass slope and the 
homogeneous rock slope stability chart can be used. 
7.5 THE DISTURBED ROCK SLOPE STABILITY CONSIDER DIFFERENT 
SEISMIC COEFFICIENT EFFECTS 
Chapter 6, considers the influence of the horizontal seismic coefficients on the rock slope 
stability assessment using a pseudo - static method. The T is considered to be from 0.5 to 2.5 
times that of the slope height, and D is considered to be 0.7 or 1.0, which linearly decreases in 
T. The results provide a reasonable and acceptable range for estimating the rock slope F based 
on the Hoek - Brown failure criterion. 
In addition, in Chapter 6 only account the horizontal seismic coefficients and the slope 
simulations are based on details in Chapter 5. The range of the horizontal seismic coefficients 
is from 0.1 to 0.3. The result shows that that when the seismic coefficient increases, seismic 
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force can have a significant influence on rock slope stability, the F of the rock slopes can 
decrease heavily. F may decrease by more than 100 % when the seismic force coefficient 
increases by 0.1. 
Stability number increases with increasing D and β, and decreases with increasing GSI and mi. 
Moreover, T can greatly affect the rock slope stability assessments. F for rock slope stability 
decreases with increasing T, and the results are close to those from the homogeneous slope 
when T ≥ 2.5H. 
7.6 SUMMARY 
For practicing engineers, performing numerical simulations or laboratory tests may not always 
be feasible because of time and cost constraints. Therefore, stability chart solutions can be 
convenient tools for determining slope stability.  
The Mohr - Coulomb failure criterion is one of the most frequently used in soil slope design. 
Therefore, to analyse soil slope stability, this research applies finite element UB and LB limit 
analysis to soil slope assessments on the basis of this failure criterion. Furthermore, many slope 
designs are based on LEM. The use of LEM, however cannot be guaranteed the best solutions 
because the slip surface must be assumed. However, the finite element UB and LB limit 
analysis methods can avoid such assumption. 
Slope failure surface can be influenced by numerous factors, including the manual estimation 
of chart solutions. Therefore, a stability analysis based on ANN is conducted in this research 
to provide a convenient method for predicting soil slopes stability.  
In rock slope design, sometimes the rock mass strength has to transform to the cohesive 
strength and the angle of friction because most rock geotechnical software are still based on 
the Mohr - Coulomb failure criterion. Thus this study is focused on assessing rock slope 
stability on the basis of the Hoek - Brown failure criterion, which is a non - linear failure 
criterion developed for estimating the rock masses for slopes. In this study, the rock slope 
stability charts are based on the non - linear Hoek - Brown failure criterion as the charts use 
rock parameters directly. The chart solutions based on rock parameters have distinct 
improvements in performance on both algorithm stability and accuracy. 
Seismic force plays a crucial role in slope stability assessments as well. The ranges of different 
horizontal seismic coefficient between 0.1 and 0.3 are considered in rock slope stability studies. 
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7.7 RECOMMENDATIONS FOR FUTURE WORK 
Pore pressure effects 
Pore pressure is important in the design of slope stability. In soil slope design, soil shear 
strength decreases as pore pressure increases. However, many rock slopes also show decreasing 
strength when the pore pressures is considered. Therefore, considering the significance 
influence of pore pressure effects within fill soil or rock slope stability should be investigated 
in the future. 
Seismic loading for soil slope stability analysis 
The analysis of seismic rock slope stability is a common and difficult problem in geotechnical 
engineering because the impact of earthquakes must be considered. As the analysis of soil slope 
stability in this research does not consider seismic force. In fact, the soil slope stability due to 
the seismic load also can be presented in the form of stability charts, such effects are worth 
investigating using dynamic software analysis in future work. 
Adoption of artificial neural network in slope stability analysis 
Although one study has utilized ANN analysis to investigate the stability of soil slopes, more 
complex data analysis is still necessary to improve stability probabilistic analysis under 
different soil slopes or rock mass, and considering seismic force effects and pore water 
pressure. In addition, ANN analysis based on rock parameters (Chapters 5 and 6) is not 
discussed in the thesis. Moreover, in ANN, the various multi - layered slope parameters can 
considered as inputs, and the output can be used to predict slope stability. Determining how to 
improve ANN performance is a valuable research topic. 
Multi - layered slopes (Fill slope considering different materials) 
The current research only considered a two - layered soil slope or rock slopes. The results based 
on multi - layered slopes are not be employed in chart solutions. Therefore, more complex 
analysis is worthy to investigating, for example, the frictional fill materials based on cohesive-
frictional materials. 
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Vertical seismic coefficient 
Thus far, the research in this thesis is only considered horizontal seismic coefficient effects. 
However, the vertical seismic force can be seen as an additional loading on a slope. In real 
designs, regardless of the situation; vertical seismic force always influences slope stability and 
a result in slope stability reductions. 
